Phase transitions between dilute and dense axion stars by Chavanis, Pierre-Henri
Phase transitions between dilute and dense axion stars
Pierre-Henri Chavanis
Laboratoire de Physique The´orique, Universite´ Paul Sabatier, 118 route de Narbonne 31062 Toulouse, France
We study the nature of phase transitions between dilute and dense axion stars interpreted as
self-gravitating Bose-Einstein condensates. We develop a Newtonian model based on the Gross-
Pitaevskii-Poisson equations for a complex scalar field with a self-interaction potential V (|ψ|2) in-
volving an attractive |ψ|4 term and a repulsive |ψ|6 term. Using a Gaussian ansatz for the wave
function, we analytically obtain the mass-radius relation of dilute and dense axion stars for ar-
bitrary values of the self-interaction parameter λ ≤ 0. We show the existence of a critical point
|λ|c ∼ (m/MP )2, wherem is the axion mass andMP the Planck mass, above which a first order phase
transition takes place. We qualitatively estimate general relativistic corrections on the mass-radius
relation of axion stars. For weak self-interactions |λ| < |λ|c, a system of self-gravitating axions
forms a stable dilute axion star below a general relativistic maximum mass Mdilutemax,GR ∼ M2P /m
and collapses into a black hole above that mass. For strong self-interactions |λ| > |λ|c, a sys-
tem of self-gravitating axions forms a stable dilute axion star below a Newtonian maximum mass
Mdilutemax,N = 5.073MP /
√|λ| [P.H. Chavanis, Phys. Rev. D 84, 043531 (2011)], collapses into a dense
axion star above that mass, and collapses into a black hole above a general relativistic maximum
mass Mdensemax,GR ∼
√|λ|M3P /m2. Dense axion stars explode below a Newtonian minimum mass
Mdensemin,N ∼ m/
√|λ| and form dilute axion stars of large size or disperse away. We determine the
phase diagram of self-gravitating axions and show the existence of a triple point (|λ|∗,M∗/(M2P /m))
separating dilute axion stars, dense axion stars, and black holes. We make numerical applications for
QCD axions and ultralight axions. Our approximate analytical results are in good agreement with
the exact numerical results of Braaten et al. [Phys. Rev. Lett. 117, 121801 (2016)] for Newtonian
dense axion stars. They are also qualitatively similar to those obtained by Helfer et al. [JCAP 03,
055 (2017)] for general relativistic axion stars but they differ quantitatively for weak self-interactions
due presumably to the use of a different self-interaction potential V (|ψ|2). We point out analogies
between the evolution of self-gravitating axions (bosons) at zero temperature evolving from dilute
axion stars to dense axion stars and black holes, and the evolution of compact degenerate (fermion)
stars at zero temperature evolving from white dwarfs to neutron stars and black holes. We also
discuss some analogies between the phase transitions of axion stars at zero temperature and the
phase transitions of self-gravitating fermions at finite temperature. Finally, we suggest that a dense
axionic nucleus may form at the center of dark matter halos through the collapse of a dilute axionic
core (soliton) passing above the maximum mass Mdilutemax,N. It would have a mass 1.11×109(f/m)M,
a radius 0.949/(mf1/3) pc, a density 2.10× 10−8(m2f2) g/m3, a pulsation period 8.24/(mf1/3) yrs
and an energy −5.59×1062(f/m) ergs, where the axion mass m is measured in units of 10−22 eV/c2
and the axion decay constant f is measured in units of 1015GeV. This dense axionic nucleus could
be the remnant of a bosenova associated with the emission of a characteristic radiation [Levkov et
al., Phys. Rev. Lett. 118, 011301 (2017)].
PACS numbers: 95.30.Sf, 95.35.+d, 98.80.-k
I. INTRODUCTION
The nature of dark matter (DM) is still unknown and
constitutes one of the greatest mysteries of modern cos-
mology. The cold dark matter (CDM) model in which
DM is assumed to be made of weakly interacting massive
particles (WIMPs) works remarkably well at large (cos-
mological) scales but encounters some problems at small
(galactic) scales. These problems are known as the cusp
problem [1], the missing satellite problem [2], and the
too big to fail problem [3]. In order to solve this “CDM
crisis”, it has been proposed to take the quantum nature
of the particles into account. For example, it has been
suggested that DM may be made of bosons in the form of
Bose-Einstein condensates (BECs) at absolute zero tem-
perature [4–80] (see the Introduction of [34] for a short
historic of this model). In this model, DM halos are in-
terpreted as gigantic boson stars described by a scalar
field (SF) that may represent the wavefunction ψ of the
BEC. The mass of the DM boson has to be very small (see
below) for quantum mechanics to manifest itself at galac-
tic scales. The bosons may be noninteracting or have a
repulsive or attractive self-interaction. Different names
have been given to this model such as SFDM, fuzzy dark
matter (FDM), BECDM, and ψDM. In the fully general
relativistic context, the evolution of the SF is described
by the Klein-Gordon-Einstein (KGE) equations. At the
scale of DM halos, Newtonian gravity can be used so
the evolution of the wave function of the self-gravitating
BEC is governed by the Gross-Pitaevskii-Poisson (GPP)
equations.
Using the transformations introduced by Madelung
[81] and de Broglie [82–84], hydrodynamic representa-
tions of the GPP and KGE equations have been intro-
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2duced in [25, 29, 34–36, 40, 41, 46, 59, 60, 74] (see the In-
troduction of [74] for a short historic of the hydrodynamic
interpretation of quantum mechanics). The quantum Eu-
ler equations are similar to the hydrodynamic equations
of CDM except that they include a quantum force arising
from the Heisenberg uncertainty principle and a pressure
force due to the self-interaction of the bosons measured
by their scattering length as. In the BEC model, DM
halos are stable stationary solutions of the KGE, GPP,
or quantum Euler equations. They satisfy a condition of
hydrostatic equilibrium corresponding to the balance be-
tween the gravitational attraction, the repulsive quantum
force (Heisenberg’s uncertainty principle), and the pres-
sure force due to the self-interaction (scattering) that can
be repulsive (as > 0) or attractive (as < 0). The mass-
radius relation of self-gravitating BECs at T = 0 has been
obtained numerically (exactly) and analytically (approx-
imately) in [34, 35] for any value (positive or negative)
of the scattering length as of the bosons.
1 For bosons
with a positive scattering length (as > 0), corresponding
to a repulsive self-interaction, this study makes the link
between the noninteracting limit GM2mas/~2  1 in
which the pressure due to the scattering can be neglected
and the Thomas-Fermi (TF) limit GM2mas/~2  1
in which the quantum potential can be neglected. In
that case, an equilibrium state exists for any mass. For
bosons with a negative scattering length (as < 0), cor-
responding to an attractive self-interaction, this study
shows that stable halos can exist only below a maximum
mass. The cosmological evolution of a relativistic self-
interacting complex SF described by the KGE equations
has been studied in [54, 77]. The gravitational instabil-
ity of an infinite homogeneous complex SF described by
the KGE and GPP equations (quantum Jeans problem)
has been treated through the hydrodynamical picture in
[5, 29, 34, 40, 41, 59, 80].
One possible DM candidate is the axion [85]. Ax-
ions are hypothetical pseudo-Nambu-Goldstone bosons
of the Peccei-Quinn [86] phase transition associated with
a U(1) symmetry that solves the strong charge par-
ity (CP) problem of quantum chromodynamics (QCD).
The axion is a spin-0 particle with a very small mass
m = 10−4 eV/c2 and an extremely weak self-interaction
as = −5.8 × 10−53 m arising from nonperturbative ef-
fects in QCD. Their role in cosmology has been first in-
vestigated in [87–90]. They are produced in the early
universe by non-thermal mechanisms, either by vacuum
misalignment [87–89] or cosmic string decay [90]. Axions
are extremely nonrelativistic and have huge occupation
numbers, so they can be described by a classical field.
Recently, it has been proposed that gravitational inter-
1 This mass-radius relation describes ultracompact dwarf DM ha-
los like Fornax that are completely condensed (ground state), and
the solitonic core of large BECDM halos. It does not describe
the virialized envelope of large DM halos that has a Navarro-
Frenk-White (NFW) profile (see, e.g., [52, 78] for more details).
actions can thermalize the axions, so axionic DM can
form a BEC during the radiation-dominated era [91, 92].
Axions can thus be described by a relativistic quantum
field theory with a real scalar field ϕ whose evolution is
governed by the KGE equations. In the nonrelativistic
limit, they can be described by an effective field theory
with a complex scalar field ψ whose evolution is governed
by the GPP equations. Therefore, axions are good can-
didates for the BECDM scenario. One particularity of
the QCD axion is to have a negative scattering length
(as < 0) corresponding to an attractive self-interaction.
The formation of structures in an axion-dominated
Universe was investigated by Hogan and Rees [93] and
Kolb and Tkachev [94]. In the very early Universe,
the axions are relativistic but self-gravity can be ne-
glected with respect to their attractive self-interaction.
These authors found that the attractive self-interaction of
the axions generates very dense structures corresponding
to pseudo-soliton configurations that they called “axion
miniclusters” [93] or “axitons” [94]. These axitons have a
mass Maxiton ∼ 10−12M and a radius Raxiton ∼ 109 m.
At later times, self-gravity must be taken into account.
Kolb and Tkachev [94] mentioned the possibility to form
boson stars2 by Jeans instability through Bose-Einstein
relaxation in the gravitationally bound clumps of axions.
In other words, axitons are expected to collapse into bo-
son stars due to Jeans instability when self-gravity be-
comes important. This possibility was originally pro-
posed by Tkachev [98, 100] who introduced the names
“gravitationally bound axion condensates” [98] and “ax-
ionic Bose stars” [100], becoming later “axion stars”. It
is important to stress, however, that Tkachev [98, 100]
and Kolb and Tkachev [94] considered boson stars with a
repulsive self-interaction (as > 0). Since axions have an
attractive self-interaction (as < 0), one cannot directly
apply the standard results of boson stars [95–99] to axion
stars.
The case of self-interacting boson stars with an attrac-
tive self-interaction (as < 0), possibly representing axion
stars, has been considered only recently [34, 35, 73, 101–
114]. The analytical expression of the maximum mass
of Newtonian self-gravitating BECs with an attractive
self-interaction was first obtained in [34, 35]. For QCD
axions, this leads to a maximum mass M exactmax = 6.46 ×
10−14M = 1.29×1017 kg = 2.16×10−8M⊕ and a min-
imum radius (R∗99)
exact = 3.26 × 10−4R = 227 km =
3.56 × 10−2R⊕. This is the maximum mass of dilute
QCD axion stars. These values correspond to the typical
2 Boson stars, that are the solutions of the KGE equations, were
introduced by Kaup [95] and Ruffini and Bonazzola [96] in the
case where the bosons have no self-interaction. Boson stars in
which the bosons have a repulsive self-interaction were considered
later by Colpi et al. [97], Tkachev [98] and Chavanis and Harko
[99]. These authors showed that boson stars can exist only below
a maximum mass (see Appendixes A 5 and A 6) due to general
relativistic effects.
3size of asteroids. Obviously, QCD axions cannot form
giant BECs with the dimension of DM halos. By con-
trast, they may form mini axion stars that could be the
constituents of DM halos under the form of mini mas-
sive compact halo objects (mini MACHOs) [73].3 These
mini axion stars are Newtonian self-gravitating BECs of
QCD axions with an attractive self-interaction stabilized
by the quantum pressure (Heisenberg uncertainty prin-
ciple). They may cluster into structures similar to stan-
dard CDM halos but made of scalar field MACHOs in-
stead of WIMPs. However, mini axion stars (MACHOs)
behave essentially as CDM and do not solve the small-
scale crisis of CDM.
Other types of axions with a very small mass may exist
and are called ultralight axions (ULA) [72]. Such axions
appear in string theory [117] leading to the notion of
string axiverse [118]. ULAs can form very big objects of
the size of DM halos. For an ULA with a massm = 2.19×
10−22 eV/c2 and a very small attractive self-interaction
as = −1.11× 10−62 fm, one finds [73] that the maximum
mass and the minimum radius of an axionic DM halo
are M exactmax = 10
8M and R = 1 kpc, comparable to
the dimensions of dwarf spheroidal galaxies (dSphs) like
Fornax.4 Therefore, ULAs can form giant BECs with the
dimensions of DM halos.
The previous discussion shows that QCD axions and
ULAs behave very differently. QCD axions form mini
axion stars of the asteroid size which behave like CDM.
On the other hand, ULAs form DM halos which can solve
the small-scale problems of CDM. In the following, to
simplify the discussion, we shall always speak of “axion
stars” but we stress that this term can refer either to
“mini axion stars” (QCD axions) or “axionic DM halos”
(ULAs). Our formalism is general and can handle these
two situations.
One may wonder what happens when the mass of
an axion star is larger than the maximum mass Mmax
[34, 35]. In that case, there is no equilibrium state
and the star undergoes gravitational collapse. Similarly,
white dwarf stars [119], neutron stars [120] and boson
stars [95–99] exist only below a maximum mass and col-
lapse when they are too massive. The collapse of massive
stars leads to black holes. We note, however, that the
3 The mass M of the mini MACHOs must be less than 2×10−9M
to be consistent with the observational constraints imposed
by gravitational microlensing [115, 116]. The maximum mass
Mexactmax = 6.46 × 10−14M of QCD axion stars satisfies this
constraint. Coincidentally, these mini axion stars have a mass
comparable to the mass of the axitons [94] but their mechanism
of formation is completely different. In particular, the maximum
mass of a mini axion star is obtained by balancing the quan-
tum pressure against the gravitational and self-interaction forces
whereas the mass of a minicluster is determined by the volume
of the horizon when the axion starts to oscillate.
4 See Appendix D of [77] for a more detailed discussion about the
mass of ULAs, including noninteracting bosons and bosons with
a repulsive or an attractive self-interaction.
maximum mass of the axion stars is a Newtonian non-
relativistic result (essentially due to the attractive self-
interaction of the axions) while the maximum mass of
white dwarf stars, neutron stars and boson stars arises
from special and/or general relativity. As a result, the
collapse of axion stars is expected to be very different
from the collapse of white dwarfs, neutron stars and bo-
son stars.
The collapse of dilute axion stars above Mmax was first
discussed in [73]. In this paper, we determined the gen-
eral expression of the collapse time tcoll(M,R0) as a func-
tion of the mass M ≥ Mmax of the axion star and its
initial radius R0.
5 We used an approximation based on a
Gaussian ansatz which is expected to be very good close
to the critical point Mmax. However, in order to deter-
mine the final fate of an axion star experiencing gravita-
tional collapse, a more precise study is necessary.
Let us first consider, as in [73], axion stars with a
purely attractive |ψ|4 self-interaction potential in the
framework of Newtonian gravity. The dynamical evolu-
tion above Mmax of a nonrelativistic self-gravitating BEC
with a purely attractive |ψ|4 interaction described by the
GPP equations is interesting in its own right even if this
model may not be realistic on a physical point of view
(see below). In that case, we expect that the collapse
will ultimately lead to a Dirac peak ρ(~x) = Mδ(~x) be-
cause the effective potential is not bounded from below
(see Appendix C). However, the evolution of the system
is not trivial. In the early stage of the collapse, self-
gravity must be taken into account. By contrast, in the
late stages of the collapse, the attractive self-interaction
of the bosons dominates, and self-gravity can be ne-
glected. The collapse of a nongravitational BEC with
an attractive self-interaction (as < 0) has been studied
extensively and is well-known [121, 122]. After an initial
smooth evolution where the BEC density profile is close
to a Gaussian (if it is Gaussian initially), the system un-
dergoes a self-similar collapse (called “wave collapse”)
leading to a finite time singularity: at t = tcoll(M,R0),
6
the central density ρ0(t) becomes infinite and the core
radius r0(t) tends to zero leading to a singular den-
5 The main purpose of our paper was to obtain the expression
of the collapse time tcoll(M,R0), not to study accurately the
collapse dynamics of the axion star or determine what is the fi-
nal outcome of the collapse. We mentioned the possibility to
form black holes, but we also stressed the limitation of our ap-
proach and mentioned other scenarios when a more realistic self-
interaction potential is considered. We note that the order of
magnitude of the collapse time tcoll(M,R0) obtained in [73] is
totally insensitive to the precise nature of the final object that
is formed as a result of the collapse as long as it is sufficiently
small (see Appendix B).
6 This collapse time corresponds precisely to the function
tcoll(M,R0) studied in [73]. It cannot be obtained from the self-
similar solution of the GP equations because it appears as an
undetermined constant of integration [121, 122]. Therefore, a
complementary study, such as the one performed in [73], is nec-
essary to obtain tcoll(M,R0).
4sity profile ρ(r, t = tcoll) ∝ r−2 diverging at the ori-
gin. During the self-similar evolution, the central den-
sity increases as ρ0(t) = ρ(0, t) ∼ (tcoll − t)−1 and the
core radius decreases as r0(t) ∼ (tcoll − t)1/2. Note that
the singularity at t = tcoll contains no central mass:
M(r) = 4pi
∫ r
0
ρ(r′)r′2dr′ → 0 as r → 0. However, the
evolution continues in the post collapse regime t > tcoll,
where a Dirac peak ρ(~x, t) = MD(t)δ(~x) with an increas-
ing mass MD(t) forms at r = 0 by accreting particles
around it.7 If we take general relativity into account,
using the KGE equations with a purely attractive φ4 in-
teraction, we expect that the Dirac peak will be replaced
by a black hole. Of course, the postcollapse dynamics of
the GPP and KGE equations is difficult to study mathe-
matically and numerically because one needs to cross the
r−2 singularity at t = tcoll. It would be interesting to
study this model in detail at a mathematical level even if
it is purely academic on a physical point of view for the
reasons explained below.
First, the previous scenario assumes that the sys-
tem remains spherically symmetric and compact dur-
ing the collapse. Recently, Cotner [105] has numerically
solved the GPP equations with a purely attractive self-
interaction. When M > Mmax, he found that the system
collapses and first forms an extremely dense core sur-
rounded by a fluctuating halo of scalar waves (suggest-
ing a large amount of interference). Then, he observed
that the core fragments into several stable pieces (axion
“drops”) of mass M ′ < Mmax, thereby avoiding its catas-
trophic collapse into a singularity. This fragmentation
process was previously suggested in [104].
On the other hand, even in the case of a spherical col-
lapse, new physical processes can come into play when
the system becomes dense enough and can prevent the
formation of a finite time singularity at t = tcoll. In
particular, when the system becomes dense, the |ψ|4 ap-
proximation is not valid anymore and we have to take
into account higher order terms in the expansion of the
SF potential (or, better, consider the exact axionic self-
interaction potential). These higher order terms, which
can be repulsive (unlike the φ4 term), can account for
strong collisions between axions. These collisions may
have important consequences on the collapse dynamics.
Three possibilities have been considered in the recent lit-
erature:
(i) The first possibility is to form dense axion stars. In-
deed, when repulsive terms are taken into account, the SF
potential becomes bounded from below. In that case, the
7 As far as we know, this postcollapse regime has not been
studied in detail for the GP equation with an attractive self-
interaction. Therefore, our discussion should be confirmed, or
infirmed, by numerical simulations. Our claim that a Dirac peak
is formed in the postcollapse regime comes from the analogy be-
tween the GP equation with an attractive self-interaction and
the Smoluchowski-Poisson equations describing self-gravitating
Brownian particles [123–128].
collapse is halted by the repulsion of the bosons that be-
comes dominant at high densities. An equilibrium state
exists in which the self-gravity is balanced by the repul-
sive self-interaction. This possibilty was first proposed
by Braaten et al. [103] who calculated numerically the
equilibrium configurations of dense axion stars.
(ii) The second possibility is a bosenova phenomenon.
The collapse of the axion star may be accompanied by
a burst of relativistic axions (radiation) produced by in-
elastic reactions when the density reaches high values.
Relativistic collisions between axions can stop the col-
lapse and even drive a re-expansion of the system. In
that case, the collapse (implosion) is followed by an ex-
plosion. This phenomenon was shown experimentally by
Donley et al. [129] for nongravitational relativistic BECs
with an attractive self-interaction. Braaten et al. [103]
and Eby et al. [108] argued that axion stars, as they
collapse, emit many highly energetic free axions. This
could cause the partial, or even complete, disappearance
of the axion star. Recently, the validity of this scenario
(bosenova) for relativistic axion stars was demonstrated
by Levkov et al. [110] from direct numerical simulations
of the KGE equations with the exact axionic potential
taking collisions into account. In these simulations, the
system does not reach an equilibrium state (i.e. it does
not form a dense axion star) but undergoes a series of
collapses and explosions. Multiparticle relativistic inter-
actions in the dense center create an outgoing stream of
mildly relativistic particles which carries away an essen-
tial part of the star mass (about 30%). The explosion
is a period of violent oscillations accompanied by strong
emission of outgoing high-frequency waves with a char-
acteristic spectrum (see Fig. 3 in [110]).
(iii) The third possibility, in the case where general rel-
ativity is taken into account, is the formation of a black
hole if the mass of the axion star is sufficiently large or
if the self-interaction is sufficiently weak. This possibil-
ity has been demonstrated numerically by Helfer et al.
[112]. For small masses or strong self-interactions, they
obtained either a stable axion star or a dispersion phe-
nomenon similar to that reported by Levkov et al. [110].
For large masses or weak self-interactions, a black hole
was formed.
Other works have been considered in relation to ax-
ion stars. In particular, it has been proposed that Fast
radio bursts (FRBs), whose origin is one of the major
mysteries of high energy astrophysics, could be caused
by axion stars that can engender bursts when undergo-
ing conversion into photons during their collision with
the magnetosphere of neutron stars (magnetars), during
their collision with the magnetized accretion disk of a
black hole, or during their collapse above the maximum
mass. We refer to [130–134] for the suggestion of this sce-
nario and to [135] for an interesting critical discussion.
For all these reasons, it is important to study the phase
transitions between dilute and dense axion stars in de-
tail. The aim of this paper is to perform an exhaustive
analytical study of this problem and to isolate charac-
5teristic mass, length, density and energy scales that play
an important role. Even if our analytical approach is
approximate, these typical scales are fully relevant and
determine the gross characteristic features of the system.
In general, in astrophysics, we are more interested by
orders of magnitude than by exact values. Our study
provides the correct orders of magnitude. Furthermore,
when it was possible to compare our approximate ana-
lytical results with exact numerical results [35, 103], we
found that our study proves to be relatively accurate.
The paper is organized as follows. In Sec. II, start-
ing from the KGE equations for a real SF, and consider-
ing the nonrelativistic limit, we derive the hydrodynamic
equations describing axionic dark matter in an expand-
ing universe taking into account the self-interaction of
the axions. In Sec. III, we determine the general equa-
tion of state of axionic dark matter and introduce the
simplified equation of state studied in this paper. In Sec.
IV, we recall important results concerning the maximum
mass of dilute axion stars and express it with different
parameters that are relevant to our problem. In Sec.
V, we derive the analytical mass-radius relation of di-
lute and dense axion stars within the Gaussian ansatz.
In Sec. VI, we consider the TF approximation which is
particularly well-suited to describe dense axion stars. In
Sec. VII, we derive the energy and pulsation of dilute
and dense axion stars and derive a simplified version of
Poincare´’s turning point argument based on the Gaussian
ansatz. In Sec. VIII, we derive the radius of the axion
star resulting from a collapse or an explosion at a critical
point. In Sec. IX, we study the stability of axion stars
and the nature of phase transitions between dilute and
dense configurations. In Sec. X, we take into account
general relativistic effects in a qualitative manner and
obtain an estimate of the maximum mass of axion stars
above which they collapse into a black hole. This allows
us to obtain a phase diagram exhibiting a triple point sep-
arating dilute axion stars, dense axion stars, and black
holes. In Sec. XI, we summarize our main results and
discuss analogies and differences between axion stars and
fermion stars. The Appendixes present important com-
plementary results giving, for example, the fundamental
scalings of mass, radius, density, energy... or providing
exact results (going beyond the Gaussian ansatz) in par-
ticular limits of the problem.
II. HYDRODYNAMIC EQUATIONS OF
AXIONIC DARK MATTER IN AN EXPANDING
UNIVERSE
In this section, we derive the hydrodynamic equations
describing axionic DM in an expanding universe in the
nonrelativistic limit c → +∞, starting from the KGE
equations for a real SF. The nonrelativistic approxima-
tion is extremely well justified for axions. We compare
the resulting equations with those obtained in our previ-
ous papers [59, 60] for a complex SF.
A. The KGE equations
We consider the weak field gravity limit and work
with the Newtonian gauge which is a perturbed form
of the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
line element [136]. We use the simplest form of New-
tonian gauge, only taking into account scalar perturba-
tions which are the ones that contribute to the forma-
tion of structures in cosmology. Vector perturbations
(which are supposed to be always small) vanish during
cosmic inflation and tensor perturbations (which account
for gravitational waves) are neglected [137]. We also ne-
glect anisotropic stresses. We finally assume that the
Universe is flat in agreement with the observations of the
cosmic microwave background (CMB). Under these con-
ditions, the line element is given by
ds2 = c2
(
1 + 2
Φ
c2
)
dt2 − a(t)2
(
1− 2 Φ
c2
)
δijdx
idxj ,
(1)
where Φ/c2  1. In this metric, Φ(~x, t) represents the
gravitational potential of classical Newtonian gravity and
a(t) is the scale factor. Working with this metric enables
us to obtain exact equations at the order O(Φ/c2) taking
into account both relativistic and gravitational contribu-
tions inside an expanding Universe.
We consider a real SF ϕ with a potential V (ϕ2) whose
evolution is governed by the KGE equations. In the
weak field approximation Φ/c2  1, using the Newto-
nian gauge, the KGE equations write
1
c2
∂2ϕ
∂t2
+
3H
c2
∂ϕ
∂t
− 1
a2
(
1 +
4Φ
c2
)
∆ϕ− 4
c4
∂Φ
∂t
∂ϕ
∂t
+
(
1 +
2Φ
c2
)
m2c2
~2
ϕ+ 2
(
1 +
2Φ
c2
)
dV
dϕ2
ϕ = 0, (2)
∆Φ
4piGa2
=
1
2c4
(
1− 2Φ
c2
)(
∂ϕ
∂t
)2
+
1
2a2c2
(
1 +
2Φ
c2
)
(~∇ϕ)2 + m
2
2~2
ϕ2
+
1
c2
V (ϕ2)− 3H
2
8piG
+
3H
4piGc2
(
∂Φ
∂t
+HΦ
)
,
(3)
where H = a˙/a is the Hubble parameter. They can be
compared to the KGE equations (12) and (18) of [60] for
a complex SF.
B. The GPE equations
To ultimately obtain the nonrelativistic limit c→ +∞,
we make the transformation
ϕ =
1√
2
~
m
[
ψ(~x, t)e−imc
2t/~ + ψ∗(~x, t)eimc
2t/~
]
. (4)
6This is the counterpart of the Klein transformation for
a complex SF ϕ (see Eq. (24) of [60]). Equation (4)
introduces a complex function ψ(~x, t) that we shall call
the pseudo wave function. This transformation allows us
to separate the fast oscillations of the SF with pulsation
ω = mc2/~ caused by its rest mass from the slow evo-
lution of ψ(~x, t). Neglecting the oscillatory terms that
average out to zero in the fast oscillation regime ω  H,
we find that8
ϕ2 ' ~
2
m2
|ψ|2. (5)
We define the pseudo rest-mass density by
ρ = |ψ|2. (6)
We stress that it is only in the nonrelativistic limit c →
+∞ that ψ has the interpretation of a wave function and
that ρ has the interpretation of a rest-mass density (see
below). In the relativistic regime, ψ and ρ do not have
a clear physical interpretation but they can always be
defined as convenient notations [59, 60].
Substituting Eq. (4) into Eqs. (2) and (3), and ne-
glecting the the oscillatory terms again (see footnote 8),
we obtain the GPE equations
i~
∂ψ
∂t
− ~
2
2mc2
∂2ψ
∂t2
− 3
2
H
~2
mc2
∂ψ
∂t
+
~2
2ma2
(
1 +
4Φ
c2
)
∆ψ
− mΦψ −
(
1 +
2Φ
c2
)
m
dV
d|ψ|2ψ +
3
2
i~Hψ
+
2~2
mc4
∂Φ
∂t
(
∂ψ
∂t
− imc
2
~
ψ
)
= 0, (7)
∆Φ
4piGa2
=
(
1− Φ
c2
)
|ψ|2 + ~
2
2m2c4
(
1− 2Φ
c2
) ∣∣∣∣∂ψ∂t
∣∣∣∣2
+
~2
2a2m2c2
(
1 +
2Φ
c2
)
|~∇ψ|2 + 1
c2
V (|ψ|2)
− ~
mc2
(
1− 2Φ
c2
)
Im
(
∂ψ
∂t
ψ∗
)
− 3H
2
8piG
+
3H
4piGc2
(
∂Φ
∂t
+HΦ
)
. (8)
These equations look similar to those obtained for a com-
plex SF without making any approximation (see Eqs.
(25) and (26) of [60]). However, there is a crucial differ-
ence. In the present case, V (|ψ|2) is an effective potential
8 This approximation may lead to incorrect results in the relativis-
tic regime but it becomes exact in the nonrelativistic limit c →
+∞ considered after Eq. (8). Note that there is no such approx-
imation for a complex SF since the relation |ϕ|2 = (~2/m2)|ψ|2
is always valid in that case (see Eq. (24) of [60]).
deduced from V (ϕ2) by substituting ϕ from Eq. (4) and
neglecting the oscillatory terms. Therefore, it is different
from the potential that one would get by directly sub-
stituting ϕ (already averaged) from Eq. (5) into V (ϕ2),
as we can do when ϕ is complex [60]. The instantonic
potential of axions is worked out explicitly in Sec. III A
following [108].
In the nonrelativistic limit c → +∞,9 the GPE equa-
tions (7) and (8) reduce to the GPP equations
i~
∂ψ
∂t
+
3
2
i~Hψ = − ~
2
2ma2
∆ψ +mΦψ +m
dV
d|ψ|2ψ, (9)
∆Φ
4piGa2
= |ψ|2 − 3H
2
8piG
, (10)
similar to Eqs. (29) and (30) of [60] (with the same warn-
ing as before concerning the effective potential). When
V = 0, they reduce to the Schro¨dinger-Poisson equations
in an expanding Universe. The GP equation (9) can be
rewritten as
i~
∂ψ
∂t
+
3
2
i~Hψ = − ~
2
2ma2
∆ψ +m[Φ + h(|ψ|2)]ψ (11)
where
h(|ψ|2) = dV
d|ψ|2 , i.e. h(ρ) = V
′(ρ). (12)
Remark: In the full relativistic theory, the axions are
represented by a real SF ϕ and the particle number is not
conserved. However, in the nonrelativistic limit, they are
just spinless particles described by a complex wavefunc-
tion ψ and their number N = 1m
∫ |ψ|2 dr is conserved.
Physically, the particle number is conserved because, by
removing the fast oscillating terms, we have eliminated
the particle number violating processes that are energet-
ically forbidden for nonrelativistic particles.
C. The hydrodynamic representation
Using the Madelung [81] transformation, we can write
the GPP equations under the form of hydrodynamic
equations. To that purpose, we write the wave function
ψ as
ψ(~x, t) =
√
ρ(~x, t)eiS(~x,t)/~, (13)
where ρ = |ψ|2 is the density and S = (1/2)i~ ln(ψ∗/ψ)
is the real action. Following Madelung, we also define a
velocity field and an energy field by
~v(~x, t) =
~∇S
ma
, E(~x, t) = −∂S
∂t
, (14)
9 Although we take the c → +∞ limit in the field equations, we
keep relativistic contributions in the SF potential (see Sec. III A).
7where the scale factor a has been introduced in the ve-
locity field in order to take into account the expansion
of the Universe. Since the velocity is potential, the flow
is irrotational: ∇ × u = 0. Substituting Eq. (13) into
Eq. (11) and separating real and imaginary parts, we
obtain the quantum Euler-Poisson (EP) equations in an
expanding background [41, 60, 74]:
∂ρ
∂t
+ 3Hρ+
1
a
~∇ · (ρ~v) = 0, (15)
∂S
∂t
+
(~∇S)2
2ma2
=
~2
2ma2
∆
√
ρ√
ρ
−mΦ−mh(ρ), (16)
∂~v
∂t
+H~v +
1
a
(~v · ~∇)~v = ~
2
2m2a3
~∇
(
∆
√
ρ√
ρ
)
− 1
a
~∇Φ− 1
ρa
~∇P, (17)
∆Φ
4piGa2
= ρ− 3H
2
8piG
. (18)
The hydrodynamic equations (15)-(18) have a clear
physical interpretation. Equation (15), corresponding to
the imaginary part of the GP equation, is the continu-
ity equation. It accounts for the local conservation of
mass M =
∫
ρ dr. Equation (16), corresponding to the
real part of the GP equation, is the quantum Hamilton-
Jacobi equation. It can also be interpreted as a general-
ized Bernoulli equation for a potential flow. It involves a
quantum potential
Q = − ~
2
2ma2
∆
√
ρ√
ρ
= − ~
2
4ma2
[
∆ρ
ρ
− 1
2
(∇ρ)2
ρ2
]
(19)
which takes into account the Heisenberg uncertainty
principle. Equation (17), obtained by taking the gradient
of Eq. (16), is the quantum Euler equation. It involves
a quantum force (per unit of mass) FQ = −(1/ma)∇Q.
It also involves a pressure force −(1/ρa)∇P where the
pressure is given by a barotropic equation of state P (ρ)
determined by the nonlinearity h(ρ) in the GP equation
(11) through the relation
h′(ρ) =
P ′(ρ)
ρ
. (20)
This equation shows that h can be interpreted as an en-
thalpy in the hydrodynamic representation [34]. Equa-
tion (20) can be integrated into [60, 74]:
P (ρ) = ρh(ρ)− V (ρ) = ρV ′(ρ)− V (ρ). (21)
The speed of sound is
c2s = P
′(ρ) = ρV ′′(ρ). (22)
Finally, Eq. (17) involves the gravitational force −∇Φ,
where Φ is determined by the Poisson equation (18).
Remarks: We stress that the hydrodynamic equations
(15)-(18) do not involve viscous terms because they are
equivalent to the GPP equations (9) and (10). As a re-
sult, they describe a superfluid. We also note that the
hydrodynamic equations (15)-(18) with the quantum po-
tential (proportional to ~2) neglected provide a TF, or
semiclassical, description of nonrelativistic SFs. When
~ = P = 0, one recovers the classical equations of CDM.
D. The spatially homogeneous SF
For a spatially homogeneous SF (ρ(~x, t) = ρb(t),
~vb(~x, t) = ~0, Φb(~x, t) = 0, Sb(~x, t) = Sb(t)), the fluid
equations (15)-(18) reduce to [41, 60, 74]:
dρb
dt
+ 3Hρb = 0, E = mV
′(ρb), H2 =
8piG
3
ρb,
(23)
where E(t) = −dSb/dt is the time-dependent energy of
the spatially homogeneous SF in the comoving frame.
The wave function of the SF is ψb(~x, t) = ψb(t) =√
ρb(t)e
−(i/~) ∫ E(t) dt. These equations govern the evo-
lution of the cosmological background. We find that
ρb ∝ a−3, a ∝ t2/3, H = 2/3t and ρb = 1/6piGt2, corre-
sponding to the Einstein-de Sitter (EdS) solution. There-
fore, in the nonrelativistic era, and for the homogeneous
background, BECDM behaves as CDM. Using Eq. (23),
the Poisson equation (18) can be rewritten as
∆Φ = 4piGa2(ρ− ρb), (24)
where ρb(t) is the background density.
E. The equations for the density contrast
Let us write the density in the form ρ(~x, t) = ρb(t)[1 +
δ(~x, t)], where ρb ∝ 1/a3 and δ(~x, t) is the density con-
trast. Substituting this expression into Eqs. (15)-(18),
we obtain the following equations for the density contrast
[41]:
∂δ
∂t
+
1
a
~∇ · [(1 + δ)~v] = 0, (25)
∂~v
∂t
+H~v +
1
a
(~v · ~∇)~v = ~
2
2m2a3
~∇
(
∆
√
1 + δ√
1 + δ
)
−1
a
~∇Φ− c
2
s
(1 + δ)a
~∇δ, (26)
∆Φ = 4piGρba
2δ, (27)
where c2s = P
′(ρ) = P ′[ρb(1+δ)] is the square of the speed
of sound in the inhomogeneous Universe. We stress that
8these equations are exact in the nonrelativistic limit, i.e.
they do not rely on the assumption δ  1. The linearized
quantum EP equations have been studied in [41, 59] in
the context of structure formation for BECDM.
III. THE EQUATION OF STATE OF AXIONS
A. The instantonic potential of axions
The instantonic potential of the axions is [86, 138, 139]:
V (ϕ) =
m2cf2
~3
[
1− cos
(
~1/2c1/2ϕ
f
)]
− m
2c2
2~2
ϕ2, (28)
where m is the mass of the axion and f is the axion decay
constant.10 Expanding the cosine term in Taylor series,
we get
V (ϕ) = −m
2cf2
~3
+∞∑
n=2
(−1)n
(2n)!
(
~1/2c1/2ϕ
f
)2n
. (29)
If we keep only the first two terms of this expansion, we
obtain the ϕ6 potential
V (ϕ) = − m
2c3
24f2~
ϕ4 +
m2c4
720f4
ϕ6. (30)
The effective potential V (|ψ|2) appearing in the GP equa-
tion (9) can be obtained from the following heuristic pro-
cedure introduced by Eby et al. [108]. Raising ϕ in Eq.
(4) to the power 2n thanks to the binomial formula and
keeping only terms that do not oscillate, we obtain
ϕ2n =
1
2n
(
~
m
)2n
Cn2n|ψ|2n, (31)
where Cn2n = (2n)!/(n!)
2. Substituting this expression
into Eq. (29), we get
V (|ψ|2) = −m
2cf2
~3
+∞∑
n=2
(−1)n
(n!)2
(
~3c|ψ|2
2f2m2
)n
. (32)
The series can be performed analytically leading to an
effective potential of the form
V (|ψ|2) = m
2cf2
~3
[
1− ~
3c
2f2m2
|ψ|2 − J0
(√
2~3c|ψ|2
f2m2
)]
,
(33)
where J0 is the Bessel function of zeroth order. If we keep
only the first two terms in the expansion of Eq. (32), we
obtain the |ψ|6 potential
V (|ψ|2) = − ~
3c3
16f2m2
|ψ|4 + ~
6c4
288f4m4
|ψ|6. (34)
10 Another, more relevant, axionic potential is the chiral potential
[139, 140].
We note that V (|ψ|2) is different from the expression ob-
tained by substituting Eq. (5) into V (ϕ). The difference
is apparent already in the first term of the expansion of
the potential which involves a coefficient −1/16 [see Eq.
(34)] instead of −1/24 [see Eq. (30)].
In the nonrelativistic limit c→ +∞, or for dilute sys-
tems satisfying |ψ|2  f2m2/~3c, the potential V (|ψ|2)
is dominated by the |ψ|4 term. A |ψ|4 potential is usually
written as
V (|ψ|2) = 2pias~
2
m3
|ψ|4, (35)
where as is the s-scattering length of the bosons [141].
Comparing this expression with the first term of Eq. (34),
we obtain
as = − ~c
3m
32pif2
. (36)
Using this relationship, the potential of Eq. (34) can be
rewritten as
V (|ψ|2) = 2pias~
2
m3
|ψ|4 + 32pi
2~4a2s
9m6c2
|ψ|6. (37)
We note that the first term is nonrelativistic while the
second term is relativistic in nature since it involves the
speed of light c. It provides a relativistic correction of
order 1/c2 to the |ψ|4 potential.
For dilute configurations satisfying |ψ|2 
m3c2/|as|~2, it is sufficient to keep only the first
term in the expansion of the potential V (|ψ|2) given by
Eq. (32). Since the axions have a negative scattering
length (as < 0), we see from Eq. (37) that the |ψ|4
term corresponds to an attraction between axions. This
term is sufficient to describe dilute axion stars below the
maximum mass Mmax [34, 35]. However, for M > Mmax,
dilute axion stars undergo gravitational collapse and
their density increases. When the star becomes dense
enough, we need to take into account higher order terms
in the expansion of the potential. We see that the |ψ|6
term from Eq. (37) corresponds to a repulsion between
axions. Therefore, this term can stop the collapse and
lead to equilibrium states corresponding to dense axion
stars [103]. This repulsion has a relativistic origin. In
this paper, we will consider a simplified model where we
only retain the first two terms in the expansion of the
potential, i.e., we will use Eq. (37) as an approximation
of the potential V (|ψ|2) given by Eq. (33). Because of
this approximation, our study may present differences
with respect to the studies of [103, 108] based on
the potential (33). However, we will see that these
differences are small.
Remark: the expression of the effective potential
V (|ψ|2) given by Eq. (33), obtained from the heuris-
tic procedure of Eby et al. [108], is not exact. Braaten
et al. [107] have shown that the first two terms in the
expansion of the exact potential are given by
Vexact(|ψ|2) ' − ~
3c3
16f2m2
|ψ|4 − ~
6c4
256f4m4
|ψ|6 + ... (38)
9The exact potential (38) differs from Eq. (34) at the level
of the |ψ|6 term. Not only the value of the prefactor is
different but its sign also is different. For the potential of
Eq. (34), the |ψ|6 term corresponds to a repulsion while
for the exact potential of Eq. (38) it corresponds to an
attraction. Therefore, our study based on the potential
(37), and the studies of [103, 108] based on the potential
(33), may present quantitative differences with respect
to the studies of [110, 112] based on the exact axionic
potential (28).
B. The general equation of state
The general equation of state of an axion star is given
by Eq. (21) with the potential
V (ρ) =
m2cf2
~3
[
1− ~
3c
2f2m2
ρ− J0
(√
2~3cρ
f2m2
)]
. (39)
Using J ′0(x) = −J1(x), we obtain
P (ρ) =
m2cf2
~3
[
1
2
√
2~3cρ
f2m2
J1
(√
2~3cρ
f2m2
)
+J0
(√
2~3cρ
f2m2
)
− 1
]
. (40)
This equation of state involves the function
f(x) =
x
2
J1(x) + J0(x)− 1 (41)
that is plotted in Fig. 1. For x→ 0,
f(x) ' −x
4
64
+
x6
1152
. (42)
For x→ +∞,
f(x) ∼
√
x
2pi
cos
(
x− pi
2
− pi
4
)
. (43)
The equation of state (40) has a complicated oscilla-
tory behavior for ρ → +∞. To understand the meaning
of these oscillations, let us progressively increase the den-
sity of axion stars, from dilute axion stars to dense axion
stars. At low densities, the pressure force is attractive
(because as < 0) and adds to the gravitational attrac-
tion. A dilute axion star can resist this attraction thanks
to the repulsive quantum force arising from Heisenberg’s
uncertainty principle. However, above a critical density,
corresponding to the maximum mass Mmax [34, 35], the
axion star becomes unstable and collapses. During the
collapse, its density increases. At sufficiently high den-
sities the pressure force becomes repulsive and counter-
acts the gravitational attraction. An equilibrium state is
reached, corresponding to a dense axion star [103]. If we
keep increasing the density, the pressure force becomes
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FIG. 1: The function f(x) characterizing the equation of state
of axions. For comparison, we have plotted in dashed line the
function obtained by keeping only the two first terms in the
expansion of f(x) for x→ 0 [see Eq. (42)]. It corresponds to
the simplified equation of state of Sec. III C studied in this
paper.
attractive again. The dense axion star becomes unstable
and collapses until, at even higher densities, the pressure
force becomes repulsive and stops the collapse. This pro-
cess of stabilization/destabilization occurs periodically at
higher and higher densities. As a result, the mass-radius
relation of axion stars should exhibit a branch of dilute
axion stars and several branches of dense axion stars. In
this paper, we shall only consider the first branch of dense
axion stars. Therefore, it is sufficient to consider the ap-
proximation of the equation of state for sufficiently low
densities until the first stabilization takes place. This is
dicussed in the following section.
C. The simplified equation of state
In our simplified model, the equation of state of an
axion star is given by Eq. (21) with the potential
V (ρ) =
2pias~2
m3
ρ2 +
32pi2~4a2s
9m6c2
ρ3. (44)
This yields
P (ρ) =
2pias~2
m3
ρ2 +
64pi2~4a2s
9m6c2
ρ3. (45)
The equation of state can be written as
P (ρ) = K2ρ
2 +K3ρ
3, (46)
where K2 = 2pias~2/m3 and K3 = 64pi2~4a2s/9m6c2.
This is the sum of two polytropic equations of state of
index γ = 2 (n = 1) and γ = 3 (n = 1/2). The first equa-
tion of state has an attractive effect (K2 < 0) and the
second equation of state has a repulsive effect (K3 > 0).
The equation of state (45) can also be obtained from
the exact equation of state (40) by keeping only the first
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two terms in its expansion for ρ → 0. The approximate
equation of state (45) is plotted in dashed line in Fig. 1
and compared with the exact equation of state (40). We
see that the approximate equation of state has a behav-
ior similar to the exact equation of state at low densities.
Starting from P = 0, the pressure first decreases (be-
ing therefore negative), reaches a minimum and finally
increases up to infinity. At low densities, corresponding
to dilute axion stars, the two equations of state coincide.
At higher densities, when the repulsive self-interaction
comes into play, they differ quantitatively but present
nevertheless the same qualitative behaviour, both reach-
ing a minimum before increasing. This is the minimum
requirement for the validity of our study.
In this paper, we will study in detail the simplified
equation of state (45), corresponding to the complex SF
potential (37) involving an attractive |ψ|4 term and a re-
pulsive |ψ|6 term. This polynomial potential is interest-
ing in its own right even if it does not exactly correspond
to the potential of axions. A more precise treatment of
axion stars should consider the general equation of state
(40), associated with the effective potential (33), as in
Braaten et al. [103] and Eby et al. [108]. An even more
precise treatment should be based on the instantonic po-
tential [86, 117, 139] [see Eq. (28)], or on the chiral po-
tental [139, 140], as in Levkov et al. [110] and Helfer et al.
[112]. An interest of our model is that it leads to a fully
analytical study that allows us to identify characteristic
mass, length and density scales of fundamental impor-
tance. Furthermore, as we shall see, it gives results that
are in good agreement with the exact numerical results
of Braaten et al. [103] based on the potential (33).
IV. THE MAXIMUM MASS OF DILUTE AXION
STARS
The mass-radius relation of a nonrelativistic self-
gravitating BEC/SF at T = 0 described by a purely |ψ|4
potential [see Eq. (35)] has been obtained analytically
(approximately) and numerically (exactly) in [34, 35].
When as > 0, the short-range interaction between the
bosons is repulsive. When as < 0, it is attractive. In this
paper, we restrict ourselves to attractive self-interactions.
A. Maximum mass, minimum radius, and
maximum average density
When the self-interaction between the bosons is attrac-
tive (as < 0), like in the case of axions, an equilibrium
state exists only below a maximum mass [34, 35]:
M exactmax = 1.012
~√
Gm|as|
. (47)
This is the maximum mass of stable dilute Newtonian
axion stars. The radii of the stable configurations satisfy
R99 ≥ (R∗99)exact where [34, 35]:
(R∗99)
exact = 5.5
( |as|~2
Gm3
)1/2
(48)
is the radius corresponding to the maximum mass. This
is the minimum radius of stable dilute Newtonian axion
stars. The subscript 99 means that R99 is the radius
containing 99% of the mass (the density profile has not a
compact support but extends to infinity so the radius of
the axion star is formally infinite). The minimum radius
is related to the maximum mass by the relation
R∗99 = 5.57
~2
GMmaxm2
. (49)
The maximum average density of stable dilute Newtonian
axion stars, defined by ρmax = 3Mmax/4pi(R
∗
99)
3, is
ρexactmax = 1.45× 10−3
Gm4
a2s~2
. (50)
For M Mmax and R99  R∗99, the mass-radius rela-
tion is given by [6, 34, 35]:
Rexact99 = 9.946
~2
GMm2
, (51)
corresponding to the noninteracting limit. This branch
is stable.
For M Mmax and R99  R∗99, the mass-radius rela-
tion is given by [34, 35]:
Rexact99 = 3.64
|as|
m
M, (52)
corresponding to the nongravitational limit. This branch
is unstable.
Remark: For future reference, we recall that when the
self-interaction between the bosons is repulsive (as > 0),
an equilibrium state exists, in the TF approximation, at
a unique radius [9, 16, 23, 25, 34]:
Rexact = pi
(
as~2
Gm3
)1/2
, (53)
independent of the mass. We note that its scaling coin-
cides with that of (R∗99)
exact in Eq. (48).
B. Alternative expressions
Alternative expressions of the maximum mass of axion
stars can be given. Introducing the dimensionless self-
interaction constant (see, e.g., Appendix A of [73]):
λ =
8piasmc
~
, (54)
we get [34, 35]:
M exactmax = 5.073
MP√|λ| , (55)
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where MP = (~c/G)1/2 = 2.18 × 10−5 g is the Planck
mass.11 Similarly, the minimum radius can be written as
[34, 35]:
(R∗99)
exact = 1.1
√
|λ|MP
m
λC , (56)
where λC = ~/mc is the Compton wavelength of the
bosons. The maximum average density is
ρexactmax = 0.917
1
λ2
(
m
MP
)4
M2P
mλ3C
. (57)
We can also express the maximum mass, minimum
radius, and maximum average density of axion stars in
terms of the axion decay constant [see Eq. (36)]:
f =
(
~c3m
32pi|as|
)1/2
. (58)
We obtain
M exactmax = 10.15
f
MP c2
M2P
m
, (59)
(R∗99)
exact = 0.55
MP c
2
f
λC , (60)
ρexactmax = 14.7
(
f
MP c2
)4
M2P
mλ3C
. (61)
Remark: We note the relation f = mc2/2|λ|1/2. We
also note that the scalings from Eqs. (55)-(61) artificially
involve the speed of light c because of the definition of
λ and f . Actually, c should not appear in the equations
since the maximum mass, minimum radius, and max-
imum average density of dilute axion stars are nonrela-
tivistic results, as shown in the scalings of Eqs. (47)-(50).
C. Maximum scattering length
Instead of expressing the maximum mass as a function
of the scattering length, we can express the maximum
scattering length of the bosons (in absolute value) as a
11 This scaling can be compared to the scaling Mmax =
0.384M3P /m
2 of the maximum mass of fermion stars [120], to
the scaling Mmax = 0.633M2P /m of the maximum mass of non-
interacting boson stars [95, 96], and to the scaling Mmax =
0.0612
√
λM3P /m
2 of the maximum mass of self-interacting boson
stars [97–99]. We emphasize, however, that the maximum mass
of dilute axion stars given by Eq. (55) is a Newtonian result
contrary to the other limits that come from general relativity.
The usually very small mass-radius ratio of dilute axion stars
(see below) justifies a posteriori why a Newtonian treatment is
sufficient to describe them.
function of the mass of the star. Self-gravitating BECs
with an attractive self-interaction can be at equilibrium
only if the scattering length of the bosons is less than a
maximum value [34, 35]:
|as|exactmax = 1.024
~2
GmM2
. (62)
This corresponds to
|λ|exactmax = 25.74
(
MP
M
)2
, (63)
f exactmin
MP c2
= 9.855× 10−2mM
M2P
. (64)
D. Numerical applications
Let us make numerical applications for different types
of axions.
1. QCD axions
Considering QCD axions with m = 10−4 eV/c2 and
as = −5.8× 10−53 m [85], corresponding to λ = −7.39×
10−49 and f = 5.82×1019 eV = 4.77×10−9MP c2, we ob-
tain M exactmax = 6.46×10−14M = 1.29×1017 kg = 2.16×
10−8M⊕, (R∗99)
exact = 3.26×10−4R = 227 km = 3.56×
10−2R⊕, and ρmax = 2.62 × 103 g/m3 (the maximum
number of bosons is Nmax = Mmax/m = 7.21 × 1056).
These values correspond to the typical size of asteroids.
QCD axions cannot form DM halos of relevant mass and
size. However, they can form mini boson stars (mini ax-
ion stars or dark matter stars) of very low mass which
are stable gravitationally bound BECs. They might play
a role as DM components (i.e. DM halos could be made
of mini axion stars interpreted as MACHOs) if they exist
in the universe in abundance.
Remark: For QCD axions, the product mf ≡
(ΛQCD/c)
2 of the mass and decay constant is fixed to
the value ΛQCD = 7.6 × 107 eV [85]. Astrophysical
and cosmological constraints restrict f to the interval
0.5 × 1018eV < f < 7.6 × 1021eV. The axion mass
lies therefore in the interval 7.7 × 10−7 eV/c2 < m <
1.2× 10−2 eV/c2. According to Eq. (36), we have
|as|
m3
=
~c3
32pif2m2
=
~c7
32piΛ4QCD
. (65)
Since mf is fixed for QCD axions, then |as|/m3 is
fixed. From Eq. (48), this implies that the min-
imum radius R∗99 is fixed to the value (R
∗
99)
exact =
0.55(MP c
2/ΛQCD)
2lP = 227 km, independently of the
axion mass m (here lP = (~G/c3)1/2 = 1.62 × 10−35 m
is the Planck length). By contrast, the maximum mass
Mmax = 10.15(ΛQCD/MP c
2)2M3P /m
2 from Eq. (47)
scales with the mass of the axion as m−2.
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2. Ultralight axions
Considering ULAs with m = 2.19 × 10−22 eV/c2 and
as = −1.11 × 10−62 fm corresponding to λ = −3.10 ×
10−91 and f = 1.97 × 1023 eV = 1.61 × 10−5MP c2
(see Appendix D of [77]), we obtain M exactmax = 10
8M,
(R∗99)
exact = 1 kpc, and ρmax = 1.62 × 10−18 g/m3 (the
maximum number of bosons is Nmax = 5.09 × 1095).
These values are typical of dwarf DM halos like Fornax,
or typical of the solitonic core of large DM halos (see
footnote 1).
Remark: We note that a halo of mass M = 108M
made of ULAs with massm = 2.19×10−22 eV/c2 is stable
if as = 0 but becomes unstable, and collapses, if the scat-
tering length of the axions is larger (in absolute value)
than |as|max = 1.11 × 10−62 fm [73]. This corresponds
to |λ|max = 3.10 × 10−91 and fmin = 1.97 × 1023 eV =
1.61× 10−5MP c2. Therefore λ = 0 is very different from
λ = −3.10× 10−91 (!) The extraordinarily small value of
|λ|max = 3.10×10−91 was stressed in our previous papers
[35, 73, 77].
3. White dwarfs and neutron stars
It is interesting to compare these results with other
systems exhibiting a maximum mass like white dwarfs
[119] and neutron stars [120]. For ideal 42He white dwarfs
treated within the framework of general relativity [142],
we have Mmax = 1.39M, Rmin = 1.02 × 103 km and
(ρ0)max = 2.35 × 1016 g/m3. For ideal neutron stars
[120], we have Mmax = 0.710M, Rmin = 9.16 km and
(ρ0)max = 3.54× 1021 g/m3.
E. Validity of the Newtonian treatment for dilute
axion stars
The previous results are valid for Newtonian dilute ax-
ion stars. We note that the maximum mass given by Eq.
(47) increases as the self-interaction decreases. This re-
sult is expected to be valid for sufficiently small masses,
i.e., for sufficiently strong self-interactions (in a sense
made precise below). When the mass becomes large,
i.e., for weak self-interactions, general relativity must be
taken into account. Helfer et al. [112] numerically solved
the general relativistic KGE equations with the instan-
tonic potential (28) and studied the formation of black
holes from axion stars. They obtained the phase dia-
gram sketched in Fig. 2. For a sufficiently strong self-
interactions (small f), the maximum mass of dilute axion
stars is given by Eq. (47). It can be rewritten as
M exactmax
M2P/m
= 10.15
f
MPc2
. (66)
This formula gives a relatively good agreement with the
numerical results of Helfer et al. [112] up to about
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FIG. 2: Sketch of the phase diagram obtained by Helfer et
al. [112] by numerically solving the KGE equations with the
instantonic potential (28). The dashed line corresponds to the
Newtonian maximum mass of dilute axion stars given by Eq.
(66) obtained in [34]. It is valid for f  MP c2 (strong self-
interactions). We see that it gives a fair agreement with the
numerical results of [112] up to the triple point at (f,M) ∼
(0.3MP c
2, 2.4M2P /m).
f ∼ 0.25MP c2 and M ∼ 2.54M2P /m (corresponding ap-
proximately to the position of the triple point in their
phase diagram). For weaker self-interactions (larger f),
the general relativistic results of Helfer et al. [112] start
to substantially deviate from the expression of the New-
tonian maximum mass given by Eq. (66).
We can estimate the validity of our Newtonian descrip-
tion of dilute axion stars as follows. The Newtonian the-
ory of gravitation is valid if the radius R of a star of mass
M is much larger than its Schwarzschild radius
RS =
2GM
c2
. (67)
Using Eq. (47), the Schwarzschild radius of a dilute axion
star with the maximum mass can be written as
RexactS = 2.024
(
G~2
|as|mc4
)1/2
. (68)
We note the alternative expressions
RexactS = 10.146
lP√|λ| = 20.30 fMP c2 MPm lP . (69)
If axion stars with the maximum mass can be treated
with Newtonian gravity, then all the branch of dilute
axion stars can be treated with Newtonian gravity (see
Appendix E of [73]). Therefore, the condition of validity
of the Newtonian treatment for dilute axion stars is
R∗99
RS
=
R∗99c
2
2GMmax
 1. (70)
Using Eqs. (47) and (48), we get
R∗99c
2
2GMmax
∼ |as|c
2
2Gm
, (71)
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where we have not written the prefactors since Eq. (70)
just gives an estimate of the validity of the Newtonian
approximation. We note the exact relations
|as|c2
Gm
=
2|as|
rS
=
1
32pi
(
MP c
2
f
)2
=
|λ|
8pi
(
MP
m
)2
, (72)
where
rS =
2Gm
c2
(73)
is the effective Schwarzschild radius of a particle of mass
m (we have introduced this quantity in [77]). As a result,
the criterion (70) expressing the validity of the Newto-
nian approach at the critical point can be written in the
equivalent forms
|as|  rS , f MP c2, |λ| 
(
m
MP
)2
. (74)
The Newtonian approach is therefore valid for sufficiently
strong self-interactions. By contrast, when |as| ∼ rS , f ∼
MP c
2 and |λ| ∼ (m/MP )2, general relativity must be
taken into account. In that case, the maximum mass and
minimum radius of axion stars, obtained by substituting
these equivalents into Eqs. (47)-(61), become of the order
of
Mmax ∼ M
2
P
m
, R∗ ∼ λC , (75)
corresponding to the Kaup scales (see Appendix A 5). A
more detailed general relativistic treatment is performed
in Sec. X.
Let us make some numerical applications to complete
those reported in Sec. IV D.
For QCD axions withm = 10−4 eV/c2 and as = −5.8×
10−53 m, we find RexactS = 1.91 × 10−10 m, rS = 2.65 ×
10−67 m, MP c2 = 1.22× 1028 eV and (m/MP )2 = 6.71×
10−65, implying (R∗99/RS)exact = 1.19× 1015.
For ULAs with m = 2.19 × 10−22 eV/c2 and as =
−1.11 × 10−62 fm, we find RexactS = 9.57 × 10−6 pc,
rS = 1.88 × 10−101 pc, MP c2 = 1.22 × 1028 eV and
(m/MP )
2 = 3.22 × 10−100, implying (R∗99/RS)exact =
1.04× 108.
In the following sections, we shall assume that the con-
dition f  MP c2 (strong self-interaction) is fulfilled so
that the Newtonian treatment is valid for dilute axion
stars and for dense axion stars whose masses are not too
large. General relativistic corrections for large values of
f (weak self-interaction), or for large masses, will be ob-
tained qualitatively in Sec. X. We see from the previous
numerical applications that QCD axions and ULAs are in
the strongly self-interacting regime. Therefore, the New-
tonian approximation generally provides an excellent de-
scription of axion stars made of QCD axions and ULAs,
except if they have very large masses.
V. MASS-RADIUS RELATION OF DILUTE
AND DENSE AXION STARS WITHIN THE
GAUSSIAN ANSATZ
When M > Mmax, dilute axion stars undergo gravi-
tational collapse [34, 35]. As discussed in the Introduc-
tion, one possibility is that the collapse ends with the
formation of dense axion stars [103]. In this section, we
study phase transitions between dilute and dense axion
stars and establish their mass-radius relation. We con-
sider a simplified model corresponding to the polynomial
SF potential (37) leading to the equation of state (45).
We develop an analytical approach based on a Gaussian
ansatz. This is a generalization of our previous work
[34] for dilute axion stars. This ansatz usually proves
to be accurate to study the equilibrium configurations of
self-gravitating BECs [34, 35]. We shall compare our an-
alytical results with the exact numerical results obtained
by Braaten et al. [103] and find good agreement.
A. The effective potential
Using a Gaussian ansatz for the wave function [34, 73,
78], one can show that the total energy of an axion star
of mass M and radius R described by the equation of
state (45) is given by
Etot =
1
2
αM
(
dR
dt
)2
+ V (R) (76)
with the effective potential
V (R) = σ
~2M
m2R2
− νGM
2
R
+ ζ
2pias~2M2
m3R3
+ζ
32pi2~4a2sM3
9m6c2R6
. (77)
The coefficients are α = 3/2, σ = 3/4, ζ = 1/(2pi)3/2 and
ν = 1/
√
2pi.12 The first term in Eq. (76) is the classical
kinetic energy Θc and the second term is the potential
energy V . The potential energy includes the contribution
of the quantum kinetic energy ΘQ (or quantum poten-
tial), the gravitational energy W , the internal energy U2
due to the repulsive self-interaction (corresponding to a
polytropic equation of state of index γ = 2 and polytropic
constant K2 < 0), and the internal energy U3 due to the
attractive self-interaction (corresponding to a polytropic
equation of state of index γ = 3 and polytropic constant
K3 > 0). The general formalism needed to obtain the
expression (77) of the effective potential can be found
in [78]. Writing E˙tot = 0 expressing the conservation of
12 Other types of ansatz give the same results with slightly different
values of the coefficients. For the sake of generality, we will
express our results in terms of α, σ, ζ and ν so they can be
applied to more general situations if necessary.
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energy, we find that the dynamical equation satisfied by
the radius of the BEC is
αM
d2R
dt2
= −V ′(R). (78)
This equation is similar to the equation of motion of a fic-
tive particle of mass αM moving in an effective potential
V (R).
B. Maximum mass of dilute axion stars
Within the Gaussian ansatz, the maximum mass and
the minimum radius of dilute axion stars are [34]:
Mmax =
(
σ2
6piζν
)1/2 ~√
Gm|as|
= 1.085Ma, (79)
R∗ =
(
6piζ
ν
)1/2( |as|~2
Gm3
)1/2
= 1.732Ra, (80)
where the scales Ma and Ra are defined in Appendix A 1.
For a Gaussian density profile, the relation between the
radius R and the radius R99 containing 99% of the mass
is R99 = 2.38167R [34]. The expressions (79) and (80)
can be compared with the exact results (47) and (48).
We define a density scale, a pressure scale, an energy
scale and a dynamical time scale by
ρ0 =
σν
(6piζ)2
Gm4
a2s~2
= 0.209 ρa, (81)
P0 =
2piσ2ν2
(6piζ)4
G2m5
|as|3~2 = 0.274Pa, (82)
V0 =
σ2ν1/2
(6piζ)3/2
~m1/2G1/2
|as|3/2 = 0.271Ea, (83)
tD =
6piζ
ν
(α
σ
)1/2 |as|~
Gm2
= 4.24 ta, (84)
where the scales ρa, Pa, Ea and ta are defined in Ap-
pendix A 1. We note the identities
Mmax =
σ
ν
~2
Gm2R∗
, ρ0 =
Mmax
R3∗
, (85)
V0 = ν
GM2max
R∗
, tD =
(α
ν
)1/2 1√
Gρ0
(86)
Considering QCD axions with m = 10−4 eV/c2 and
as = −5.8 × 10−53 m, we obtain Mmax = 6.92 ×
10−14M = 1.37 × 1017 kg = 2.31 × 10−8M⊕, Nmax =
7.72 × 1056, R∗ = 1.03 × 10−4R = 71.5 km = 1.12 ×
10−2R⊕, ρ0 = 3.76 × 105 g/m3, V0 = 7.06 × 1025 ergs,
and tD = 1.22× 104 s = 3.40 hrs.
Considering ultralight axions (ULAs) with m = 2.19×
10−22 eV/c2 and as = −1.11 × 10−62 fm, we obtain
Mmax = 1.07 × 108M, Nmax = 5.45 × 1095, R∗ =
0.313 kpc, ρ0 = 2.36× 10−16 g/m3, V0 = 1.25× 1054 ergs,
and tD = 4.88× 1014 s = 15.5 Myrs.
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FIG. 3: Effective potential V (R) as a function of the radius
R for δ = 10−3 and M = 0.9 < Mmax = 1. It presents a
local minimum (M) corresponding to a metastable dilute ax-
ion star, a global minimum (S) corresponding to a fully stable
dense axion star, and a local maximum (U) corresponding to
an unstable axion star.
C. Dimensionless variables
We introduce the dimensionless variables
Mˆ =
M
Mmax
, Rˆ =
R
R∗
, ρˆ =
ρ
ρ0
, (87)
Pˆ =
P
P0
, Vˆ =
V
V0
, tˆ =
t
tD
, ωˆ = ωtD. (88)
We shall work with these dimensionless variables but,
from now on, we forget the “hats” in order to simplify
the notations.
With these dimensionless variables, the average density
and the total energy write
ρ =
3M
4piR3
(89)
and
Etot =
1
2
M
(
dR
dt
)2
+ V (R). (90)
The effective potential is given by
V (R) =
M
R2
− M
2
R
− M
2
3R3
+ δ
M3
R6
, (91)
where
δ =
16piνσ
27(6piζ)2
Gm
|as|c2 = 0.389
Gm
|as|c2 (92)
is a dimensionless interaction parameter. For illustration,
the effective potential V (R) is plotted in Fig. 3 for δ =
10−3 and M = 0.9. The dynamical equation satisfied by
the radius of the BEC is
M
d2R
dt2
= −V ′(R). (93)
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Remark: In terms of the dimensionless variables, the
general equation of state (40) writes
P =
4
729δ2
f(
√
108δρ) (94)
and the simplified equation of state (45) writes
P = −ρ2 + 6δρ3. (95)
D. The interaction parameter δ
Using Eq. (72), we can write the interaction parameter
δ as
δ =
16piνσ
27(6piζ)2
rS
2|as| = 0.194
rS
|as| , (96)
δ =
16piνσ
27(6piζ)2
32pi
(
f
MP c2
)2
= 39.1
(
f
MP c2
)2
, (97)
δ =
16piνσ
27(6piζ)2
8pi
|λ|
(
m
MP
)2
= 9.77
1
|λ|
(
m
MP
)2
. (98)
From the discussion of Sec. IV E, we note that the va-
lidity of the Newtonian treatment at the critical point
expressed by the condition (70) can be written as
δ  1. (99)
Considering QCD axions with m = 10−4 eV/c2 and
as = −5.8× 10−53 m, we obtain δ = 8.88× 10−16.
Considering ultralight axions (ULAs) with m = 2.19×
10−22 eV/c2 and as = −1.11 × 10−62 fm, we obtain δ =
1.02× 10−8.
These numerical applications confirm that the New-
tonian approach is valid for axion stars made of QCD
axions and ULAs, except if the mass M is large.
E. The mass-radius relation
A stable equilibrium state corresponds to a minimum
of the effective potential V (R). Its first derivative is
V ′(R) = −2M
R3
+
M2
R2
+
M2
R4
− 6δM
3
R7
. (100)
The condition V ′(R) = 0 leads to the mass-radius rela-
tion
− 2M
R3
+
M2
R2
+
M2
R4
− 6δM
3
R7
= 0, (101)
which can be rewritten as
6δM2 −R3(1 +R2)M + 2R4 = 0. (102)
10-8 10-4 100 104
R
10-10
100
1010
1020
M
δQCD = 8.88 10
-16
(R
*
, M
max
)
(R’
*
, M
min)
(R
min, M*)
M
+
(R)
M
-
(R)
(I)(II)
(III-a)
(III-b)
(R0, M0)
FIG. 4: Mass-radius relationship of QCD axion stars (δ =
8.88×10−16). The dashed line corresponds to the mass-radius
relation of dilute axion stars with δ = 0 [34]. The dotted line
corresponds to the TF approximation of dense axion stars (see
Sec. VI).
This is a second degree equation whose solutions are
M =
R3(1 +R2)±√R6(1 +R2)2 − 48δR4
12δ
. (103)
The mass-radius relationM(R) has two branches (+) and
(-) determined by the sign in front of the square root.
In the general case, the equilibrium state results from
the balance between the gravitational attraction, the
repulsion due to the quantum potential arising from
the Heisenberg uncertainty principle, the attractive self-
interaction and the repulsive self-interaction. All these
contributions are present in the mass-radius relation
(103).
The mass-radius relation (103) is plotted in Fig. 4 for
δ = 8.88×10−16 corresponding to QCD axions. We have
also plotted the mass-density relation in Fig. 5, where
ρ represents the average density defined by Eq. (89).
These curves present different critical points that will be
studied specifically in the following sections. There is a
local maximum mass Mmax(δ) at a radius R∗(δ) and a
local minimum mass Mmin(δ) at a radius R
′
∗(δ). There is
also a minimum radius Rmin(δ) corresponding to a mass
M∗(δ).
The mass-radius relation M(R) defines a series of equi-
libria (see Appendix D). There can be several solutions
with the same mass M . A stable equilibrium state must
be a minimum of V (R) so it must satisfy V ′′(R) > 0.
Computing the second derivative of V (R) from Eq. (91),
we get
V ′′(R) =
6M
R4
− 2M
2
R3
− 4M
2
R5
+ 42δ
M3
R8
. (104)
We can distinguish three branches in the curve R(M)
delimited by the maximum mass Mmax(δ) and the min-
imum mass Mmin(δ). As will be shown below (see Secs.
VII D and IX), the branch (I) corresponds to stable di-
lute axion stars, the branch (III) corresponds to stable
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FIG. 5: Mass-density relationship of QCD axion stars (δ =
8.88× 10−16).
dense axion stars, and the intermediate branch (II) cor-
responds to unstable axion stars. The change of stability
in the series of equilibria takes place at the maximum
and minimum masses Mmax(δ) and Mmin(δ) in agree-
ment with the Poincare´ theory of linear series of equi-
libria [143], the M(R) theorem of Wheeler introduced in
the physics of compact objects (white dwarfs and neutron
stars) [144], and the catastrophe (or bifurcation) theory
[145] (see Appendix D).13
Remark: In the nongravitational limit, corresponding
to R  1, the mass-radius relation (103) can be sim-
plified by neglecting R2 in front of 1. This approxima-
tion describes the branches (II) and (III-a) for δ  1.
However, since this approximation does not significantly
simplify the equations, we shall not consider this limit
specifically.
F. The mass-radius relation of dilute axion stars
When δ = 0, we recover the mass-radius relation of
dilute axion stars [34]:
M =
2R
1 +R2
or R =
1±√1−M2
M
. (105)
This relation also provides a good approximation of the
branches (I) and (II) of the general mass-radius relation
(103) for δ  1 (the approximation being better and
better as δ → 0).14 This amounts to neglecting the
self-repulsion (nonrepulsive limit). The relation (105)
13 To be complete, we also quote the necessary Vakhitov-Kolokolov
condition of stability dM/dρ > 0 [122, 146] mentioned in [110].
Applied to the mass-density relationship of Fig. 5 this criterion
indicates that the branch (II) is unstable.
14 More precisely, when δ → 0, the branches (I) and (II) tend to-
wards the mass-radius relation of dilute axion stars (δ = 0) while
the branch (III-a) is pushed towards the vertical axis R = 0 and
describes the equilibrium between the self-gravity, the
quantum potential, and the attractive self-interaction.
This curve exhibits a maximum mass Mmax = 1 at
R∗ = 1 with a maximum average density ρmax = 3/4pi.
For R 1, we obtain
M ∼ 2
R
. (106)
This is also the asymptotic behavior of the general mass-
radius relation (103) for R → +∞ and M → 0. In that
limit, the self-interaction is negligible and Eq. (106) de-
scribes a stable equilibrium between the self-gravity and
the quantum potential. This corresponds to the nonin-
teracting limit. The density is given by ρ ∼ 3/2piR4 so
the mass-density relation is M ∼ 2(2pi/3)1/4ρ1/4. Since
ρ → 0 for R → +∞, this branch corresponds to dilute
axion stars. Coming back to dimensional variables, we
get
M =
2σ
ν
~2
GRm2
= 3.76
~2
GRm2
. (107)
This relation can be compared with the exact result (51).
For R 1, we obtain
M ∼ 2R. (108)
In that limit, the self-gravity is negligible and Eq. (108)
describes an unstable equilibrium between the quantum
potential and the attractive self-interaction. This cor-
responds to the nongravitational limit. The density is
given by ρ ∼ 3/(2piR2) so the mass-density relation is
M ∼ 2(3/2piρ)1/2. Since ρ→ +∞ for R→ 0, this branch
corresponds to unstable dense axion stars. Coming back
to dimensional variables, we get
M =
2σ
6piζ
mR
|as| = 1.25
mR
|as| . (109)
This relation can be compared with the exact result (52).
G. The minimum radius
Equilibrium states only exist above a minimum radius
Rmin(δ) where the branches (+) and (-) merge. The min-
imum radius Rmin(δ), corresponding to the vanishing of
the discriminant of Eq. (102), is determined by the equa-
tion
δ =
R2min
48
(1 +R2min)
2. (110)
the branch (III-b) is rejected at infinity. Therefore, the general
mass-radius relation (103) tends towards the mass-radius relation
of dilute axion stars (105) except for small radii (see Appendix
C for a more detailed description of the differences between the
limit δ → 0 and the nonrepulsive case δ = 0).
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FIG. 6: The minimum radius Rmin(δ) and the corresponding
mass M∗(δ) as a function of δ. We note, parenthetically,
that these curves cross each other at δ = 1 (at that point
Rmin = M∗ =
√
3).
This is a third degree equation whose physical solution
is
Rmin =
1
181/3
(
9
√
48δ +
√
12 + 3888δ
)1/3
−
(
2
3
)1/3 (
9
√
48δ +
√
12 + 3888δ
)−1/3
. (111)
The mass M∗(δ) at the minimum radius is determined
by the equation
M∗ =
4Rmin
1 +R2min
, (112)
obtained by substituting for δ from Eq. (110) into Eq.
(103). For δ → 0:
Rmin ∼ 4
√
3δ, M∗ ∼ 16
√
3δ, M∗ ∼ 4Rmin. (113)
For δ → +∞:
Rmin ∼ 22/3(3δ)1/6, M∗ ∼ 2
4/3
(3δ)1/6
, M∗ ∼ 4
Rmin
.
(114)
The functions Rmin(δ) and M∗(δ) are plotted in Fig. 6.
The mass M∗(δ) reaches a maximum M∗ = 2 at δ =
δ0 = 1/12 = 0.083333.... At that point, Rmin = 1. The
function M∗(Rmin) given by Eq. (112) is plotted in Fig.
7.
Coming back to dimensional variables, we get for
|as|  rS :
Rmin ∼ 16
√
3
( pi
27
)1/2( σ
6piζ
)1/2 ~
mc
∼ 7.48Ri, (115)
M∗ ∼ 64
√
3
( pi
27
)1/2( σ
6piζ
)3/2 ~
|as|c ∼ 18.7Mi, (116)
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FIG. 7: The curve M∗(Rmin) (short-dashed) and the curve
Me(Re) (long-dashed). For comparison, we have also plotted
the mass-radius relation (105) of dilute axion stars with δ = 0
in full lines.
ρ ∼ 27
256pi2
m3c2
|as|~2 ∼ 1.07× 10
−2ρi, (117)
where the scales Mi, Ri and ρi are defined in Appendix
A 2. We note that the gravitational constant G does
not appear in these scales since they are obtained in the
nongravitational limit R 1 (see the Remark at the end
of Sec. V E).
For QCD axions with δ = 8.88 × 10−16, we ob-
tain Rmin = 2.06 × 10−7, M∗ = 8.26 × 10−7, and
ρ ∼ 1/(16piδ) = 2.26 × 1013 (in terms of dimensional
variables, this corresponds to Rmin = 1.47 cm, M∗ =
5.72× 10−20 M, and ρ = 8.48× 1018 g/m3).
For ULAs with δ = 1.02 × 10−8, we obtain Rmin =
7.00×10−4, M∗ = 2.80×10−3, and ρ ∼ 1/(16piδ) = 1.95×
106 (in terms of dimensional variables, this corresponds
to Rmin = 0.219 pc, M∗ = 3.00× 105 M, and ρ = 4.60×
10−10 g/m3 ).
H. The maximum and minimum masses
The maximum mass Mmax(δ) corresponding to the ra-
dius R∗(δ) and the minimum mass Mmin(δ) correspond-
ing to the radius R′∗(δ) are located on the branch (−).
They are determined by the condition M ′(Re) = 0. Tak-
ing the derivative of Eq. (103) with respect to R, and
setting it equal to zero, we obtain after simplification the
equation
δ =
R2e
192
(3 + 2R2e − 5R4e). (118)
This equation determines R∗(δ) and R′∗(δ). Substituting
for δ from Eq. (118) into Eq. (103) we obtain after some
algebra
Me =
8Re
3 + 5R2e
. (119)
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FIG. 8: The radius R∗(δ) corresponding to the maximum
mass Mmax(δ) and the radius R
′
∗(δ) corresponding to the min-
imum mass Mmin(δ) as a function of δ. They coincide at the
critical point δc (see Sec. V I). We have also plotted the min-
imum radius Rmin(δ) for comparison.
This equation can be obtained more rapidly by differen-
tiating Eq. (102) and setting dM = 0. Equation (119)
determines Mmax(R∗) and Mmin(R′∗). Equations (118)
and (119) determine Mmax(δ) and Mmin(δ) in paramet-
ric form with parameter Re.
For δ → 0:
R′∗ ∼ 8
√
δ, Mmin ∼ 64
3
√
δ, Mmin ∼ 8
3
R′∗,
(120)
R∗ ' 1− 12δ, Mmax ' 1 + 3δ. (121)
The functions R∗(δ) and R′∗(δ) are plotted in Fig. 8.
The functions Mmax(δ) and Mmin(δ) are plotted in Fig.
9. The functions Mmax(R∗) and Mmin(R′∗), correspond-
ing to the right and left branches of the curve Me(Re)
defined by Eq. (119), are plotted in Fig. 7.
Coming back to dimensional variables, we get for
|as|  rS :
Mmin ∼ 256
3
( pi
27
)1/2( σ
6piζ
)3/2 ~
|as|c ∼ 14.4Mi, (122)
R′∗ ∼ 32
( pi
27
)1/2( σ
6piζ
)1/2 ~
mc
∼ 8.64Ri, (123)
ρ ∼ 27
512pi2
m3c2
|as|~2 ∼ 5.34× 10
−3ρi. (124)
For QCD axions with δ = 8.88×10−16, we obtain R∗ =
1, Mmax = 1, ρ = 3/(4pi) = 0.239, R
′
∗ = 2.38 × 10−7,
Mmin = 6.36 × 10−7 and ρ ∼ 1/(32piδ) = 1.12 × 1013
(in terms of dimensional variables, this corresponds to
R∗ = 71.5 km, Mmax = 6.92 × 10−14M, ρ = 8.98 ×
104 g/m3, R′∗ = 1.70 cm, Mmin = 4.40 × 10−20 M and
ρ = 4.21× 1018 g/m3).
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FIG. 9: The maximum mass Mmax(δ) and the minimum mass
Mmin(δ) as a function of δ. They coincide at the critical point
δc (see Sec. V I). We have also plotted the mass M∗(δ) cor-
responding to the minimum radius for comparison (we note,
parenthetically, that M∗ = Mmax for δ = 1.74 × 10−3 and
M = 1.005). Since the functions δ(Re) and M(Re) are max-
imum at the critical point (see Sec. V I) the curve Me(δ)
presents a spike at δ = δc.
For ULAs with δ = 1.02 × 10−8, we obtain R∗ = 1,
Mmax = 1, ρ = 3/(4pi) = 0.239, R
′
∗ = 8.08 × 10−4,
Mmin = 2.15 × 10−3 and ρ ∼ 1/(32piδ) = 9.75 × 105
(in terms of dimensional variables, this corresponds to
R∗ = 0.313 kpc, Mmax = 1.07 × 108M, ρ = 5.63 ×
10−17 g/m3, R′∗ = 0.253 pc, Mmin = 2.30 × 105 M and
ρ = 2.30× 10−10 g/m3).
Remark: The exact result of Braaten et al. [103] for
the radius of the dense axion star with the minimum mass
is R′∗ = 9.2(~/mc), which is very close to our estimate
R′∗ = 8.64(~/mc) from Eq. (123). Other comparisons
between our approximate results and the exact results of
Braaten et al. [103] are made in the caption of Fig. 34.
I. The critical point
There is a critical point when the maximum mass and
the minimum mass coincide. This corresponds to the
maximum of the function Me(Re) or, equivalently, to the
maximum of the function δ(Re). We find
δc =
3
400
= 0.0075. (125)
For this critical value of δ, the mass-radius relation M(R)
presents an inflexion point at
Rc =
√
3
5
= 0.774597... Mc =
4√
15
= 1.0327955...
(126)
We also have
(Rmin)c = 0.485537..., (M∗)c = 1.57164... (127)
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FIG. 10: Mass-radius relationship for different values of the
interaction parameter (δ = 10−10, 10−5, δc, 105, 1010).
The mass-radius relation is plotted in Fig. 10 for different
values of δ including the critical value δc. The curve
R(M) is multivalued for δ < δc and univalued for δ > δc.
Using Eqs. (96)-(98), this critical point corresponds to
|as|c = 3200piνσ
81(6piζ)2
rS = 25.9 rS , (128)
fc =
9(6piζ)
320pi
√
2νσ
MP c
2 = 1.38× 10−2MP c2, (129)
|λ|c = 51200pi
2νσ
81(6piζ)2
(
m
MP
)2
= 1.30× 103
(
m
MP
)2
.
(130)
We will see that a first order phase transition between
dilute axion stars and dense axion stars occurs for δ < δc.
This condition can be written as |as| > |as|c, f < fc, or
|λ| > |λ|c. We will comment on the typical values of |as|c,
fc and |λ|c in Sec. X where we take general relativity into
account and introduce similar quantities |as|∗, f∗ and |λ|∗
separating the strongly self-interacting regime from the
weakly self-interacting regime.
VI. THE TF APPROXIMATION FOR DENSE
AXION STARS
In the TF approximation where the quantum potential
energy (first term in Eq. (91)) can be neglected, the
mass-radius relation reduces to
M =
R3(1 +R2)
6δ
. (131)
The curve M(R) is monotonically increasing. It is plot-
ted in dotted line in Figs. 4 and 10. This curve almost
coincides with the branch (III) of stable dense axion stars.
Therefore, dense axion stars are very well-described by
the TF approximation. It is only close to the minimum
mass Mmin that the effect of the quantum potential is
important. Two regimes can be evidenced.
A. Nongravitational limit
For R 1, we obtain
M ∼ R
3
6δ
. (132)
In that limit, self-gravity is negligible and Eq. (132)
describes the equilibrium between the attractive self-
interaction and the repulsive self-interaction (see Ap-
pendix E). This corresponds to the nongravitational limit
defining the branch (III-a) in Fig. 4. In that limit, the
axion stars all have the same density (independent of M
or R) given by
ρdense =
1
8piδ
. (133)
The constancy of the density is clearly visible in Fig. 5.
Since ρ  1 for δ  1, the axion stars on the branch
(III-a) are dense. Coming back to dimensional variables,
we get
M ∼ 9
32pi
m3c2
|as|~2R
3 = 8.95× 10−2 m
3c2
|as|~2R
3 (134)
and
ρdense =
27
128pi2
m3c2
|as|~2 = 2.14× 10
−2ρi. (135)
These relations can be compared with the exact results
from Eqs. (E4) and (E5).
For QCD axions with δ = 8.88 × 10−16, we obtain
ρdense = 4.48 × 1013 (in terms of dimensional variables,
this corresponds to ρdense = 1.68× 1019 g/m3).
For ULAs with δ = 1.02 × 10−8, we obtain ρdense =
3.90× 106 (in terms of dimensional variables, this corre-
sponds to ρdense = 9.21× 10−10 g/m3).
Remark: If we consider the intersection between the
nongravitational limit of dilute axion stars (M ∼ 2R for
R  1) and the nongravitational limit of dense axion
stars (M ∼ R3/6δ for R  1), we obtain a point with
radius R ∼ (12δ)1/2 and mass M ∼ 2(12δ)1/2 whose
scaling with δ agrees with (Rmin,M∗) and (R′∗,Mmin) for
δ → 0.
B. Nonattractive limit
For R 1, we obtain
M ∼ R
5
6δ
. (136)
This is also the asymptotic behavior of the general mass-
radius relation (103) for R → +∞ and M → +∞. In
that limit, the attractive self-interaction is negligible and
Eq. (136) describes the equilibrium between the self-
gravity and the repulsive self-interaction. This corre-
sponds to the nonattractive limit defining the branch
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(III-b) in Fig. 4. In that limit, the axion stars are equiv-
alent to polytropes of index n = 1/2 (see Appendix F).
The density is given by ρ ∼ R2/8piδ so the mass-density
relation is M ∼ (1/6δ)(8piδρ)5/2. Since ρ  1 for δ  1
and/or R  1, the axion stars on the branch (III-b) are
dense. Coming back to dimensional variables, we get
M ∼ 9
32pi
ν
6piζ
Gm6c2
a2s~4
R5 = 2.98×10−2Gm
6c2
a2s~4
R5. (137)
This relation can be compared with the exact result (F3)
for a polytrope n = 1/2.
Remark: If we consider the intersection between the
noninteracting limit of dilute axion stars (M ∼ 2/R for
R  1) and the nonattractive limit of dense axion stars
(M ∼ R5/6δ for R  1), we obtain a point with radius
R ∼ (12δ)1/6 and mass M ∼ 2/(12δ)1/6 whose scaling
with δ agrees with (Rmin,M∗) for δ → +∞.
C. Transition between the nongravitational and
nonattractive TF regimes
Dense axion stars are well-described by the mass-
radius relation of Eq. (131) obtained in the TF approx-
imation. We have evidenced two regimes: a regime (III-
a), corresponding to R  1, where self-gravity is negli-
gible [see Eq. (132)] and a regime (III-b), corresponding
to R 1, where the attractive self-interaction is negligi-
ble [see Eq. (136)]. Qualitatively, the transition between
these two regimes occurs at
R0 = 1, M0 =
1
6δ
. (138)
Coming back to dimensional variables, we get
R0 =
(
6piζ
ν
)1/2( |as|~2
Gm3
)1/2
= 1.73Rr = R∗, (139)
M0 =
9
32pi
(
6piζ
ν
)3/2( |as|~2c4
G3m3
)1/2
= 0.465Mr, (140)
where the scales Rr and Mr are defined in Appendix A 6.
These relations can be compared with the exact results
from Eqs. (G1) and (G2).
The regime (III-a) exists provided that R0 > Rmin,
implying δ < δ0 with
δ0 =
1
12
. (141)
At that point, M0 = M∗ = 2 (see Sec. V G). When
δ < δ0 and M < M0, dense axion stars are in the regime
(III-a) where self-gravity is negligible. In that case, a
dense axion star of mass M has a radius
R ∼ (6Mδ)1/3. (142)
When δ < δ0 and M > M0, or when δ > δ0, dense axion
stars are in the regime (III-b) where the attractive self-
interaction is negligible. In that case, a dense axion star
of mass M has a radius
R ∼ (6Mδ)1/5. (143)
We will see in Sec. X B that the solutions (III-b) are un-
physical, or at most only marginally physical, because
general relativistic effects become important precisely
when M ∼ M0. However, for mathematical complete-
ness, we will continue to discuss these solutions in the
Newtonian framework, but keep this limitation in mind.
For QCD axions with δ = 8.88×10−16, we obtain R0 =
1, M0 = 1.88×1014 and ρdense = 1/(8piδ) = 4.48×1013 (in
terms of dimensional variables, this corresponds to R0 =
71.5 km, M0 = 13.0M, and ρdense = 1.68× 1019 g/m3).
For ULAs with δ = 1.02 × 10−8, we obtain R0 = 1,
M0 = 1.63 × 107 and ρdense = 1/(8piδ) = 3.90 × 106
(in terms of dimensional variables, this corresponds to
R0 = 0.313 kpc, M0 = 1.75 × 1015M, and ρdense =
9.21× 10−10 g/m3).
VII. ENERGY AND PULSATION
A. The total energy
At equilibrium (R˙ = 0), the total energy of an axion
star is given by Etot = V (R). Therefore
Etot =
M
R2
− M
2
R
− M
2
3R3
+ δ
M3
R6
. (144)
We can obtain the functions Etot(R) and Etot(M) by
combining Eqs. (103) and (144). These functions are
plotted in Figs. 11 and 12.
The functions M(R) and Etot(R) achieve their ex-
trema at the same points.15 The local minimum en-
ergy Emintot (δ) is reached at the local maximum mass
point (Mmax(δ), R∗(δ)) and the local maximum en-
ergy Emaxtot (δ) is reached at the local minimum mass
point (Mmin(δ), R
′
∗(δ)). As a consequence, the function
Etot(M) presents a spike at the local maximum and min-
imum masses (see Fig. 12).
For dilute axion stars with δ = 0 at the critical point
(M = R = 1), we get
Etot = −1
3
. (145)
Coming back to dimensional variables, we obtain
Etot = −1
3
σ2ν1/2
(6piζ)3/2
~m1/2G1/2
|as|3/2 = −9.03× 10
−2Ea,
(146)
15 The intrinsic reason is explained in Appendix D. See also the
Remark at the end of this section.
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FIG. 11: Total energy Etot as a function of the radius R for
axion stars with δ = 10−3 (for illustration, we have taken
a relatively large value of δ to facilitate the reading of the
figure). The dashed line corresponds to dilute axion stars
with δ = 0.
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FIG. 12: Total energy Etot as a function of the mass M for
axion stars with δ = 10−3. The dashed line corresponds to
dilute axion stars with δ = 0.
where the scale Ea is defined in Appendix A 1. For QCD
axions with m = 10−4 eV/c2 and as = −5.8 × 10−53 m,
we get Etot = −2.35 × 1025 ergs. For ULAs with m =
2.19 × 10−22 eV/c2 and as = −1.11 × 10−62 fm, we get
Etot = −4.17× 1053 ergs.
In the TF approximation, the first term in Eq. (144)
can be neglected. Using Eq. (131), the total energy can
be written as
Etot = −R
3(1 +R2)2
216δ2
(5R2 + 1). (147)
For R 1 (nongravitational limit):
Etot ∼ − R
3
216δ2
, Etot ∼ − M
36δ
. (148)
Coming back to dimensional variables, we obtain
Etot ∼ − 81ζ
1024pi
m3c4
|as|~2R
3 = −1.60× 10−3 m
3c4
|as|~2R
3,
(149)
Etot ∼ −3(6piζ)
64pi
Mc2 = −1.79× 10−2Mc2. (150)
These relations can be compared with the exact results
from Eq. (E14).
For R 1 (nonattractive limit):
Etot ∼ − 5R
9
216δ2
, Etot ∼ − 5M
9/5
66/5δ1/5
. (151)
This is also the asymptotic behavior of the general rela-
tions (103) and (144) for R → +∞ and M → +∞. We
note that Etot ∼ −(5/6)M2/R. Coming back to dimen-
sional variables, we obtain
Etot ∼ −5ν
6
GM2
R
∼ −0.332GM
2
R
. (152)
This relation can be compared with the exact result (F16)
valid for a polytrope n = 1/2.
Remark: Let us recover from our approach based on
the Gaussian ansatz the fact that the energy and the mass
achieve their extrema at the same points. The total en-
ergy can be written as Etot = V (M(R), R), where M(R)
corresponds to the mass-radius relation (103). Therefore
dEtot
dR
=
∂V
∂M
dM
dR
+
∂V
∂R
. (153)
Since V ′(R) = 0 for every state on the series of equilibria,
there remains
dEtot
dR
=
∂V
∂M
dM
dR
. (154)
In general ∂V/∂M 6= 0 at an equilibrium state. There-
fore, E′tot(R) = 0 if, and only if, M
′(R) = 0.
B. The eigenenergy
For a self-gravitating BEC described by a polytropic
equation of state, the quantity NE (representing N times
the eigenenergy E) can be deduced from the total energy
Etot by multiplying the gravitational term by 2 and the
internal energy by γ (see Sec. 5.2.1 of [78]). Therefore,
according to Eq. (144), the eigenenergy of an axion star
with the equation of state (45) which is the sum of two
polytropic equations of state of index γ = 2 and γ = 3 is
given by
NE =
M
R2
− 2M
2
R
− 2M
2
3R3
+ 3δ
M3
R6
. (155)
We can obtain the functions NE(R) and NE(M) by
combining Eqs. (103) and (155). These functions are
plotted in Figs. 13 and 14.
For dilute axion stars with δ = 0 at the critical point
(M = R = 1), we get
NE = −5
3
. (156)
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FIG. 13: Eigenenergy NE as a function of the radius R for
axion stars with δ = 10−3. The dashed line corresponds to
dilute axion stars with δ = 0.
Coming back to dimensional variables, we obtain
NE = −5
3
σ2ν1/2
(6piζ)3/2
~m1/2G1/2
|as|3/2 = −0.452Ea (157)
or
E = −5
3
σν
6piζ
Gm2
|as| = −0.417
Ea
Na
. (158)
These relations can be compared with the exact results
given in [35]. We note that |E|  mc2 for |as|  2Gm/c2
(i.e. δ  1) which justifies our nonrelativistic treat-
ment. For QCD axions with m = 10−4 eV/c2 and
as = −5.8 × 10−53 m, we get NE = −1.175 × 1026 ergs
and E = −1.52 × 10−31 ergs. For ULAs with m =
2.19 × 10−22 eV/c2 and as = −1.11 × 10−62 fm, we get
NE = −2.085× 1054 ergs and E = −3.83× 10−42 ergs.
In the TF approximation, the first term in Eq. (155)
can be neglected. Using Eq. (131), the eigenenergy can
be written as
NE = −R
3(1 +R2)2
216δ2
(9R2 + 1). (159)
For R 1 (nongravitational limit):
NE = Etot. (160)
This is an exact result independent of the Gaussian
ansatz (see Appendix E).
For R 1 (nonattractive limit):
NE =
9
5
Etot. (161)
This is an exact result for a polytrope n = 1/2 inde-
pendent of the Gaussian ansatz (see Appendix F). This
is also the asymptotic behavior of the general relations
(103) and (155) for R→ +∞ and M → +∞.
Remark: According to Eqs. (D4) and (D8), one has
E/m = dEtot/dM or, equivalently,
NE = M
dEtot
dM
. (162)
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FIG. 14: Eigenenergy NE as a function of the mass M for
axion stars with δ = 10−3. The dashed line corresponds to
dilute axion stars with δ = 0.
Let us check that this exact relation is satisfied by our ap-
proximate approach based on the Gaussian ansatz. The
total energy can be written as Etot = V (M,R(M)),
where R(M) corresponds to the mass-radius relation
(103). Therefore
dEtot
dM
=
∂V
∂M
+
∂V
∂R
dR
dM
. (163)
Since V ′(R) = 0 for every state on the series of equilibria,
there remains
dEtot
dM
=
∂V
∂M
. (164)
This relation is equivalent to Eq. (154). Therefore, we
have to show that E/m = ∂V /∂M or, equivalently,
NE = M
∂V
∂M
. (165)
Taking the partial derivative of V (R,M) given by Eq.
(91) with respect to M , and comparing the result with
Eq. (155), we find that this relation is indeed satisfied.
C. The pulsation
The complex pulsation of an axion star slightly dis-
placed from equilibrium is given by [34, 78]:
ω2 =
V ′′(R)
M
. (166)
Using Eq. (104), we get
ω2 =
6
R4
− 2M
R3
− 4M
R5
+ 42δ
M2
R8
. (167)
We can obtain the functions ω2(R) and ω2(M) by com-
bining Eqs. (103) and (167). These functions are plotted
in Figs. 15-18. The pulsation vanishes at the critical
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FIG. 15: Complex pulsation as a function of the radius R for
axion stars with δ = 10−3. The dashed line corresponds to
dilute axion stars with δ = 0.
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FIG. 16: Same as Fig. 15 showing the branch of dense axion
stars with high pulsations (ω2 has been divided by 1000).
points (Mmax(δ), R∗(δ)) and (Mmin(δ), R′∗(δ)) where a
change of stability occurs. The stable branch of dilute
axion stars (I) has a positive square pulsation ω2 > 0.
The pulsation achieves a maximum value ω1(δ) at a point
(M1(δ), R1(δ)). For δ = 0 this point is characterized
analytically in [73] (see also Appendix I). The unstable
branch of axion stars (II) has a negative square pulsation
ω2 < 0. The growth rate σ =
√−ω2 achieves a maximum
value σ2(δ) at a point (M2(δ), R2(δ)). The stable branch
of dense axion stars (III) has a positive square pulsation
ω2 > 0. The pulsation achieves a maximum value ω3(δ)
at a point (M3(δ), R3(δ)) and a minimum value ω4(δ) at
a point (M4(δ), R4(δ)). This last point is characterized
analytically below in the TF approximation.
In the TF approximation, the first term in Eq. (167)
can be neglected. Using Eq. (131), the pulsation can be
written as
ω2 =
1 +R2
6δ
(
5 +
3
R2
)
. (168)
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FIG. 17: Complex pulsation as a function of the mass M for
axion stars with δ = 10−3. The dashed line corresponds to
dilute axion stars with δ = 0.
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FIG. 18: Same as Fig. 17 showing the branch of dense axion
stars with high pulsations (ω2 has been divided by 1000). The
minimum pulsation ω4 corresponds to a large mass M4 = 202
that is not represented on the figure.
For R 1 (nongravitational limit):
ω2 ∼ 1
2δR2
, ω2 ∼ 1
25/332/3
1
δ5/3M2/3
. (169)
Coming back to dimensional variables, we get
ω =
(
27
32pi
)1/2(
6piζ
α
)1/2
c
R
= 0.463
c
R
. (170)
This relation can be compared with the exact result
(E21).
For R 1 (nonattractive limit):
ω2 ∼ 5R
2
6δ
, ω2 ∼ 5M
2/5
(6δ)3/5
. (171)
This is also the asymptotic behavior of the general rela-
tions (103) and (167) for R→ +∞ and M → +∞. Using
Eq. (136), we find that ω2 ∼ 5M/R3. Coming back to
24
dimensional variables, we obtain
ω2 ∼ 5ν
α
GM
R3
∼ 1.33GM
R3
. (172)
This relation can be compared with the result (F18) ob-
tained from the Ledoux formula for a polytrope n = 1/2.
In the TF approximation, the square pulsation ω2 has
a minimum
ω24 =
5 +
√
15
6δ
(
1 +
√
3
5
)
(173)
at the point
R4 =
(
3
5
)1/4
, M4 =
(
3
5
)3/4 (
1 +
√
3
5
)
6δ
. (174)
We note that M4 ∼ M0. For such a large mass, general
relativity must be taken into account (see Secs. VI C and
X) so our Newtonian results (173) and (174) may not be
physically relevant.
Remark: We note that dilute axion stars have low pul-
sations while dense axion stars have very high pulsations.
Numerical applications are made in Sec. VIII B for dense
axion stars and in Appendix I for dilute axion stars.
D. The turning point argument
In this section, we derive a simplified version of
Poincare´’s turning point argument based on the Gaus-
sian ansatz. If we differentiate the mass-radius relation
(101) with respect to R and use Eq. (104), we obtain
V ′′(R) +
(
− 2
R3
+
2M
R2
+
2M
R4
− 18δM
2
R7
)
dM
dR
= 0.
(175)
Simplifying the term in parenthesis with the aid of Eq.
(101), and using Eq. (166), the foregoing equation can
be rewritten as
ω2(R) = −4R−M(R
2 + 1)
MR4
dM
dR
. (176)
It relates the square of the complex pulsation ω2 deter-
mining the stability of the system to the slope of the
mass-radius relation M(R).
It is better to develop the following discussion at a
general level. For an arbitrary potential V (R,M), the
mass-radius relation M(R) is given in implicit form by
∂V
∂R
(R,M(R)) = 0. (177)
Differentiating this relation with respect to R, and using
Eq. (166), we get
Mω2 =
∂2V
∂R2
(R,M) = − ∂
2V
∂R∂M
(R,M)
dM
dR
, (178)
which is the generalization of Eq. (175). We first note
that a turning point of mass (M ′(R) = 0) corresponds
to ω2 = (1/M)∂2V/∂R2 = 0. On the other hand, a
turning point of radius (R′(M) = 0 or M ′(R) = ±∞)
corresponds to ∂2V/∂R∂M = 0. A change of sta-
bility along the series of equilibria takes place when
ω2 = (1/M)∂2V/∂R2 changes sign. According to Eq.
(178), this happens at a point where M ′(R) changes
sign while ∂2V/∂R∂M does not change sign. Therefore,
this happens at a turning point of mass, not at a turn-
ing point of radius. At a turning point of mass, both
dM/dR and ω2 change sign by passing through 0 while
∂2V/∂R∂M does not change sign. At a turning point of
radius, dM/dR changes sign by passing through ∞ and
∂2V/∂R∂M changes sign by passing through 0 while ω2
does not changes sign (it remains finite and nonzero). In
conclusion, a change of stability along the series of equi-
libria (ω2 = V ′′(R) = 0) coincides with a turning point
of mass (M ′(R) = 0). This is a simplified version, for
a potential V (R,M), of the turning point argument ob-
tained from Poincare´’s theory of linear series of equilibria
[143] (see also the M(R) theorem of Wheeler [144] and
the theory of catastrophes [145]). We emphasize that
the stability of the system is not directly related to the
sign of the slope of the mass-radius relation since there
is no change of stability after a turning point of radius
although the slope changes. A change of slope is a nec-
essary (but not a sufficient) condition for a change of
stability.
Coming back to our particular problem, let us ex-
plicitly check that the condition of marginal stability
ω2 = (1/M)V ′′(R) = 0 returns Eq. (119) corresponding
to M ′(R) = 0 and that the condition ∂2V/∂R∂M = 0
returns Eq. (112) corresponding to R′(M) = 0.
According to Eq. (104), the condition V ′′(R) = 0 is
equivalent to
6M
R4
− 2M
2
R3
− 4M
2
R5
+ 42δ
M3
R8
= 0. (179)
Multiplying this equation by R/7 and adding the result-
ing expression to Eq. (101) in order to eliminate δ, we
recover Eq. (119).
According to Eq. (91), we have
∂2V
∂M∂R
= − 2
R3
+
2M
R2
+
2M
R4
− 18δM
2
R7
. (180)
Multiplying Eq. (101) by −3/M and adding the resulting
expression to Eq. (180) in order to eliminate δ, we obtain
∂2V
∂M∂R
=
4R−M(R2 + 1)
R4
. (181)
These equalities show the equivalence between Eqs.
(175), (176) and (178). Furthermore, we can check that
the condition ∂2V/∂R∂M = 0 returns Eq. (112).
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FIG. 19: The mass ME(δ) at which the total energy vanishes
as a function of δ. The upper branch ME,II(δ) corresponds
to unstable axion stars and the lower branch ME,III(δ) corre-
sponds to metastable dense axion stars. For comparison, we
have also plotted the maximum and minimum mass. Finally,
we have indicated the sign of the energy of the different equi-
librium states in each domain. For example (+ + −) means
that the dense stable axion star (left) has a positive energy,
the unstable axion star (middle) has a positive energy and
the stable dilute axion (right) star has a negative energy.
E. The sign of the total energy
We have seen that a change of stability in the series
of equilibria corresponds to a turning point of mass, or
equivalently, to a turning point of total energy. For fu-
ture discussions (see Sec. IX D), it is useful to deter-
mine the points in the series of equilibria where the total
energy vanishes. Writing Etot = 0 in Eq. (144) and
combining the resulting equation with the mass-radius
relation (102), we find after simplification that the mass
ME(δ) of an equilibrium state (stable or unstable) for
which Etot = 0 is determined by the parametric equa-
tions
ME =
4RE
1 + 5R2E
, (182)
δ =
1
48
R2E(1 + 5R
2
E)(1− 3R2E), (183)
where the parameter RE is the radius. The function
ME(δ) is plotted in Fig. 19. It displays two branches
ME,II(δ) and ME,III(δ) whose meaning is explained be-
low. From Eqs. (118), (119) and (144), we find that
the total energy at the point of maximum mass is al-
ways negative, going from Etot = −1/3 at δ = 0 to
Etot = −(8/27)
√
5/3 at δ = δc (see Fig. 20). From
Fig. 12, we conclude that the stable dilute axion stars
(branch I) always have a negative energy (Etot < 0).
On the other hand, from Eqs. (118), (119), (144), (182)
and (183) we find that the total energy at the point of
minimum mass is positive for δ < δ′c = 1/300 and neg-
ative for δ > δ′c, going from Etot = +∞ at δ = 0 to
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FIG. 20: Total energy at the point of maximum mass (lower
branch) and at the point of minimum mass (upper branch) as
a function of δ.
Etot = −(8/27)
√
5/3 at δ = δc (at the transition point
δ′c = 1/300 we find M = 2/
√
5 and R = 1/
√
5). Con-
sidering Fig. 12 again, we come to the following conclu-
sions. When δ < δ′c, the unstable axion stars (branch
II) have a positive energy for Mmin < M < ME,II and
a negative energy for ME,II < M < Mmax while the
metastable dense axion stars (branch III) have a posi-
tive energy for Mmin < M < ME,III < Mt and a nega-
tive energy for M > ME,III. When δ > δ
′
c, the unsta-
ble axion stars and the stable dense axion stars have
a negative energy. For δ → 0, we recover the result
(ME,II, RE,II) = (
√
3/2, 1/
√
3) obtained in [73]. We also
find that ME,III ∼ 16
√
3δ and RE,III ∼ 4
√
3δ, so that
(RE,III,ME,III) approches the point with the minimum
radius (Rmin,M∗). More generally, Mmin < ME,III < M∗
and Rmin < RE,III < R
′
∗. Using the preceding results,
it is easy to determine the sign of the energy of each
equilibrium state as indicated in Fig. 19.
VIII. THE RADIUS OF THE AXION STAR
RESULTING FROM A COLLAPSE OR AN
EXPLOSION AT A CRITICAL POINT
A. The different solutions as a function of M
depending on the value of δ
We are now in a position to discuss the different equi-
librium states of axion stars (characterized by their ra-
dius R) as a function of their mass M depending on the
value of the interaction parameter δ. Specifically, we fix
δ and determine the possible radii R as a function of M
(see Fig. 10).
(i) We first assume δ < δc. If M < Mmin(δ), there
is only one solution: a stable dilute axion star (I). If
Mmin(δ) < M < Mmax(δ), there are three solutions: a
stable dilute axion star (I), an unstable axion star (II),
and a stable dense axion star (III). If M > Mmax(δ),
there is only one solution: a stable dense axion star (III).
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(ii) We now assume δ > δc. In that case, there is only
one solution: a stable dilute axion star (I) if M < M∗(δ)
and a dense axion star (III) if M > M∗(δ).
B. Collapse when δ  1 and M ∼M+max
Let us consider the situation where δ  1 and M ∼
Mmax(δ)
+ ∼ 1+. Physically, we assume that a stable
axion star gains mass (for example by accreting matter
around it or through its collision with another star) and
passes above the critical point. In that case, the dilute
axion star collapses and ultimately forms a dense axion
star. Since M0  1 for δ  1, this dense axion star is of
type (III-a). We assume that there is no mass loss during
the collapse.16 Using Eq. (132), the radius of the dense
axion star is
Rcoll(δ) = (6δ)
1/3. (184)
We note that the scaling of Rcoll(δ) is different from the
scaling of Rmin(δ) given by Eq. (113). Coming back to
dimensional variables we get
Rcoll ∼
(
96piσ
27ν
)1/3(
ν
6piζ
)1/6( |as|~6
Gm7c4
)1/6
= 2.30Rd,
(185)
where the scale Rd is defined in Appendix A 3. This
expression can be compared with the exact result from
Eq. (E22).
The density of the dense axion star resulting from grav-
itational collapse is ρdense = 1/(8piδ) [see Eq. (133)]. In
comparison, the density of the dilute axion star at the
point of maximum mass is ρdilute = 3/(4pi). This leads
to a ratio
ρdense
ρdilute
=
1
6δ
. (186)
For δ  1, the increase in density is great.
The pulsation of the dense axion star resulting from
gravitational collapse is given by [see Eq. (169)]:
ωcoll(δ) =
1
25/631/3δ5/6
. (187)
16 This assumption may not be correct and will have to be revised
in future works. Indeed, the collapse of a dilute axion star is gen-
erally accompanied by an emission of relativistic axions (bosen-
ova), leaving a dense axion star as the remnant with a mass
smaller than the initial one [103]. If the mass loss is not too
important, our results should remain qualitatively correct. Sim-
ilarly, white dwarf stars above the Chandrasekhar mass collapse
and form neutron stars. Since the maximum mass of white dwarf
stars Mmax = 1.44M [119] is larger than the maximum mass of
ideal neutron stars Mmax = 0.710M [120], the collapse is nec-
essarily accompanied by an ejection of mass (note, however, that
in more realistic models, the maximum mass of neutron stars,
being in the range 2−2.4M, is larger than the maximum mass
of white dwarf stars).
For δ  1, the dense axion star has a very high pulsation.
In comparison, the maximum pulsation of a dilute axion
star is ωmax = 0.424 (see Appendix I). Coming back to
dimensional variables we get
ωcoll =
(σ/α)1/2
25/631/3
(
27ν
16piσ
)5/6(
6piζ
ν
)2/3(
Gm7c10
|as|~6
)1/6
= 0.202
(
Gm7c10
|as|~6
)1/6
. (188)
This expression can be compared with the exact result
from Eq. (E23).
The total energy of the dense axion star resulting from
gravitational collapse is given by [see Eq. (148)]:
Ecolltot (δ) = −
1
36δ
. (189)
For δ  1, the dense axion star has a very negative
energy. In comparison, the energy of a dilute axion star
with the critical mass is Edilutetot = −1/3. Coming back to
dimensional variables we get
Ecolltot = −
3σ
64pi
(
6piζ
ν
)1/2 ~c2
(Gm|as|)1/2
= −1.94× 10−2 ~c
2
(Gm|as|)1/2 . (190)
We note that Ecolltot = −(9ζ/32)Mmaxc2 = −1.79 ×
10−2Mmaxc2. These expressions can be compared with
the exact results from Eq. (E24).
For QCD axions with δ = 8.88 × 10−16, assum-
ing Mcoll = Mmax = 1, we get Rcoll = 1.75 × 10−5,
ρdense = 4.48× 1013, 2pi/ωcoll = 4.62× 10−12 and Ecolltot =
−3.13× 1013. Coming back to original variables, assum-
ing Mcoll = Mmax = 6.92 × 10−14M, we get Rcoll =
1.80 × 10−9R = 1.25 m, ρdense = 1.68 × 1019 g/m3,
2pi/ωcoll = 5.65 × 10−8 s and Ecolltot = −2.21 × 1039 ergs
(in comparison R∗ = 71.5 km, ρdilute = 8.98 × 104 g/m3,
2pi/ωmax = 50.3 hrs, E
dilute
tot = −2.35× 1025 ergs).
For ULAs with δ = 1.02 × 10−8, assuming Mcoll =
Mmax = 1, we get Rcoll = 3.94×10−3, ρdense = 3.90×106,
2pi/ωcoll = 3.54 × 10−6 and Ecolltot = −2.72 × 106. Com-
ing back to original variables, assuming Mcoll = Mmax =
1.07 × 108M, we get Rcoll = 1.23 pc, ρdense = 9.21 ×
10−10 g/m3, 2pi/ωcoll = 54.8 yrs and Ecolltot = −3.40 ×
1060 ergs (in comparison R∗ = 0.313 kpc, ρdilute = 5.63×
10−17 g/m3, 2pi/ωmax = 229 Myrs, Edilutetot = −4.17 ×
1053 ergs).
C. Explosion when δ  1 and M ∼M−min
We now consider the situation where δ  1 and
M ∼ Mmin(δ)−. Physically, we assume that a stable
dense axion star loses mass and passes below the critical
point. In that case, the dense axion star explodes and ul-
timately becomes a dilute axion star (I) with a very large
27
radius.17 We assume that there is no mass loss during
the explosion. Using Eqs. (106) and (120), the radius
and the average density of the dilute axion star are
Rexp(δ) ∼ 3
32
√
δ
, ρexp(δ) ∼ 524288
27pi
δ2. (191)
Coming back to dimensional variables, we get
Rexp ∼ 3
128
(
27
piσ
)1/2
(6piζ)3/2
ν
|as|~c
Gm2
= 0.260Re,
(192)
ρexp ∼
(
512
27
)3
piν3σ3
(6piζ)6
G3m6
|as|4~2c4 = 195 ρe, (193)
where the scales Re and ρe are defined in Appendix A 4.
The pulsation of the dilute axion star resulting from
the explosion is given by
ωexp ∼ 2048
9
√
2
δ = 161 δ. (194)
The total energy of the dilute axion star resulting from
the explosion is given by
Eexptot ∼ −
65536
27
δ3/2 = −2.43× 103 δ3/2. (195)
In comparison, the total energy of the dense axion star
with the minimum mass is
Edensetot ∼
2
27
√
δ
=
7.41× 10−2√
δ
. (196)
We note that it is positive. This is possible because the
dense axion star is metastable, not fully stable (see the
Remark at the end of Sec. IX B).
For QCD axions with δ = 8.88 × 10−16, assuming
Mexp = Mmin = 6.36 × 10−7, we get Rexp ∼ 3.14 × 106,
ρexp = 4.90 × 10−27, 2pi/ωexp = 4.40 × 1013 and Eexptot =
−6.42 × 10−20 (in comparison Edensetot = 2.49 × 106).
Coming back to original variables, assuming Mexp =
Mmin = 4.40× 10−20M, we get Rexp = 323R, ρexp =
1.84 × 10−21 g/m3, 2pi/ωexp = 17.1 Gyrs and Eexptot =
−4.53×106 ergs (in comparison Edensetot = 1.76×1032 ergs).
For ULAs with δ = 1.02 × 10−8, assuming Mexp =
Mmin = 2.15 × 10−3, we get Rexp ∼ 928, ρexp = 6.42 ×
10−13, 2pi/ωexp = 3.83 × 106 and Eexptot = −2.50 × 10−9
(in comparison Edensetot = 733). Coming back to origi-
nal variables, assuming Mexp = Mmin = 2.30 × 105M,
we get Rexp = 290 kpc, ρexp = 1.52 × 10−28 g/m3,
2pi/ωexp = 5.93× 104 Gyrs and Eexptot = −3.12× 1045 ergs
(in comparison Edensetot = 9.16× 1056 ergs).
17 We consider this situation for curiosity and remain brief because
it may not be physically relevant. In view of the numerical appli-
cations made at the end of this section, the explosion, if it really
takes place, is expected to form a dispersed cloud, not a star.
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interaction parameter δ. The dashed line corresponds to di-
lute axion stars with δ = 0.
D. Radiation
Since energy is conserved, the collapse of a dilute axion
star above the maximum mass towards a dense axion
star (|Edensetot |  |Edilutetot |) must be accompanied by the
emission of a form of radiation that will carry energy (and
mass) away. This is similar to the process of gravitational
cooling [147] or to the situation investigated by Levkov
et al. [110]. The final state could be a dense axion star
(remnant) with a smaller energy (and usually a smaller
mass) than the energy of the dilute axion star, plus a
radiation. The same situation occurs for the explosion of
dense axion stars below the minimum mass.
Remark: We note that the Gaussian ansatz is not able
to describe this complex evolution. For M > Mmax, we
find that the radius R(t) of the star permanently oscil-
lates about the equilibrium state Rcoll, at fixed energy.
An improvement of the model would be to heuristically
introduce a source of dissipation (damping) in the GPP
equations in order to describe the relaxation process as
proposed in [78].
IX. STABILITY ANALYSIS AND PHASE
TRANSITIONS IN AXION STARS
In this section we discuss the stability of the differ-
ent solutions found previously and the nature of phase
transitions between dilute axion stars and dense axion
stars. This description is similar to the description of
phase transitions in the self-gravitating Fermi gas at fi-
nite temperature given in Ref. [148].
A. Series of equilibria and stability of the
equilibrium states
A stable axion star is a minimum of energy Etot at
fixed mass M . To determine the stability of axion
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stars, we can use the Poincare´ theory of linear series
of equilibria (see Appendix D). The variable conjugate
to the mass M (conserved quantity) with respect to the
energy Etot (quantity to minimize) is the eigenenergy
E = ∂Etot/∂M .
18 To apply the Poincare´ theory to the
present situation, we have to plot the eigenenergy E as
a function of the mass M along the series of equilibria of
axion stars.19 The series of equilibria E(M) depends on
the value of the interaction parameter δ as shown in Fig.
21.
In the following, for illustration, we shall consider the
series of equilibria E(M) of Fig. 22 corresponding to δ =
10−3. This series of equilibria is multi-valued. It has a Z-
shape structure that gives rise to phase transitions. The
solutions on the upper branch (I) form the “dilute phase”.
They correspond to dilute axion stars. The solutions on
the lower branch (III) form the “condensed phase”. They
correspond to dense axion stars. As explained below, the
system has to cross a barrier of potential, played by the
solutions of the intermediate branch (II) corresponding
to unstable axion stars, to pass from the dilute phase to
the condensed phase (or inversely).
For M → 0 and E → 0, an axion star is equivalent
to a noninteracting Newtonian boson star in which self-
gravity is stabilized by the quantum potential (Heisen-
berg’s uncertainty principle) [6, 34, 96]. This structure is
known to be stable (it is a global minimum of energy Etot
at fixed mass M). From the turning point criterion, we
conclude that the dilute axion stars on the branch (I) of
Fig. 22 are stable (energy minima) until the first turning
point of mass. At M = Mmax(δ), the curve E(M) rotates
clockwise so that a mode of stability is lost. Therefore,
the axion stars on the intermediate branch (II) of Fig. 22
are unstable (maxima or saddle points of energy) until
the second turning point of mass. They lie in the region
where dE/dM > 0 which is inaccessible. This is the ana-
logue of a region of negative specific heats dE/dT < 0
in thermodynamics [148]. At M = Mmin(δ), the curve
E(M) rotates anti-clockwise so that the mode of stability
lost at M = Mmax(δ) is regained. Therefore, the dense
axion stars on the branch (III) of Fig. 22 are stable.
Remark: We note that the turning point of radius at
(Rmin,M∗) in the mass-radius relation M(R) of Fig. 4
does not signal a change of stability as noted in Sec.
VII D.
18 As before, we have introduced dimensionless variables. We note
that E = NE/M where NE is given by Eq. (155).
19 As explained in Appendix D, the correct series of equilibria
to consider in order to determine the stability of the solutions
from the Poincare´ theory and study phase transitions is the
eigenenergy-mass relation E(M), not the mass-radius relation
M(R). In particular, we cannot apply the Maxwell constuc-
tion (see Appendix J) on the mass-radius relation M(R). The
stability of the solutions can nevertheless be obtained from the
mass-radius relation by using Wheeler’s theorem [144].
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FIG. 22: Stability of the equilibrium states from the Poincare´
theory of linear series of equilibria. We have also performed
the Maxwell construction. The equilibrium states can be fully
stable (S), metastable (M), and unstable (U).
B. Fully stable and metastable states
We must now determine which configurations are fully
stable (global minima of energy) and which configura-
tions are metastable (local minima of energy). This can
be done by plotting the energy Etot of the two phases
as a function of the mass M as done in Fig. 12, com-
paring their respective values, and determining at which
mass Mt(δ) they become equal. Alternatively, one can
perform the Maxwell construction on the curve E(M) as
described in Appendix J. The Maxwell construction is
illustrated in Fig. 22. The transition mass Mt(δ) is such
that the two hatched areas are equal.
When M < Mt(δ) the dilute axion stars (I) are fully
stable (S) and when Mt(δ) < M < Mmax(δ) they are
metastable (M). Inversely, when Mmin(δ) < M < Mt(δ)
the dense axion stars (III) are metastable (M) and when
M > Mt(δ) they are fully stable (S). The axion stars
on the branch (II) are unstable (U). These results are
illustrated in Fig. 23. In a strict sense, an equilib-
rium state corresponds to a fully stable state (S). There-
fore, the strict energy-mass and eigenenergy-mass rela-
tions are obtained from Figs. 12 and 22 by keeping
only the fully stable states (S). From these curves, we
expect the occurrence of a first order phase transition at
M = Mt(δ) connecting the dilute phase to the condensed
phase. It is accompanied by a discontinuity of E′tot(M)
(the first derivative of Etot(M)) at M = Mt(δ). Since
E′tot(M) = E(M), this corresponds to a discontinuity of
the eigenenergy E(M) at Mt(δ). As a result, the region
where dE/dM > 0 is replaced by a phase transition (ver-
tical Maxwell plateau) that connects the dilute phase to
the dense phase (see Fig. 22).
Remark: We can check in Fig. 12 that the stable
branches (I) and (III) have a lower energy Etot than the
unstable branch (II) as it should, since a stable state cor-
responds to a (local) minimum of energy Etot (see Figs.
3 and 23). We also recall that a necessary (but not suf-
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FIG. 23: Effective potential V (R) as a function of the radius
for δ = 10−3. For M < Mmin = 0.601 (here M = 0.5), the
dilute axion stars are fully stable and the dense axion stars
are inexistent. For Mmin = 0.601 < M < Mt = 0.700 (here
M = 0.65), the dilute axion stars are fully stable and the
dense axion stars are metastable. For M = Mt = 0.700, the
dense axion stars have the same energy as the dilute axion
stars. For Mt = 0.700 < M < Mmax = 1.00 (here M = 0.9),
the dense axion stars are fully stable and the dilute axion stars
are metastable. For M > Mmax = 1.00 (here M = 1.1), the
dense axion stars are fully stable and the dilute axion stars
are inexistent.
ficient) condition of nonlinear dynamical stability is that
Etot < 0. We can check in Fig. 12 that the configurations
on the fully stable branches (S) corresponding to global
energy minima satisfy this condition, while this is not
necessarily true for the configurations on the metastable
branches (M) corresponding to local energy minima since
they are only linearly dynamically stable.20 Finally, we
note from the inspection of Fig. 22 that the eigenen-
ergy E of an unstable axion star (II) is higher than the
eigenenergy of a stable dense axion star (III) but lower
than the eigenenergy of a stable dilute axion star (I).
There is no paradox, however, since the eigenenergy E
represents the chemical potential µ (see Appendix D),
not the energy Etot that has to be a (local) minimum at
equilibrium.
C. Lifetime of metastable states
The preceding discussion suggests the occurrence of a
first order phase transition at Mt(δ). However, for sys-
tems with long-range interactions such as self-gravitating
20 The stable dilute axion stars always have a negative energy while
the unstable axion stars and the metastable dense axion stars
may have negative or positive energies (see Sec. VII E). The
reason why stable dilute axion stars have a negative energy is
due to the fact that V (R) → 0− as R → +∞ so the energy of
the last minimum is necessarily negative.
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FIG. 24: Series of equilibria illustrating the collapse from a
dilute axion star to a dense axion star above Mmax (see Sec.
VIII B) or the explosion from a dense axion star to a dilute
axion star below Mmin (see Sec. VIII C).
systems, a first order phase transition does not take place
in practice. Indeed, the metastable states are long-lived
because the probability of a fluctuation able to trigger
the phase transition is extremely low. Indeed, to trigger
a phase transition from (I) to (III), or the converse, the
system has to cross a barrier of potential played by the
solutions on the intermediate branch (II). This energetic
barrier is illustrated in Figs. 3 and 23. For N  1,
this barrier of potential rapidly increases as we depart
from the critical point Mmax(δ) and is usually very hard
to cross. Since the metastable states are extremely ro-
bust, the first order phase transition expected to occur
at Mt(δ) does not take place in practice. The system re-
mains in the metastable phase past the transition point.
As a result, the physical energy-mass and eigenenergy-
mass relations must take metastable states into account.
They are obtained from Figs. 12 and 22 by discarding
only the unstable states (U).
The true phase transition from dilute to dense axion
stars occurs at the maximum mass Mmax(δ) at which the
metastable branch disappears (see Fig. 24). This point
is similar to a spinodal point in thermodynamics. It also
corresponds to a saddle node bifurcation. If the mass of
dilute axion stars increases above Mmax(δ) the system
collapses due to the effect of self-gravity and the attrac-
tive self-interaction of the bosons. However, when the
repulsive self-interaction is taken into account, the core
of the system ceases to shrink when it feels the repulsion
of the bosons at sufficiently high densities, and a dense
axion star is formed. Since this collapse is accompanied
by a discontinuous jump of energy Etot (see Fig. 12), this
is sometimes called a zeroth order phase transition.
For M > Mt(δ), the condensed states (dense axion
stars) are fully stable (S). If their mass decreases, the
system remains in the condensed phase past the transi-
tion mass Mt(δ). Indeed, for the same reason as before,
the condensed states with Mmin(δ) < M < Mt(δ) are
long-lived metastable states (M) so that the first order
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phase transition from the dense phase to the dilute phase
does not take place in practice. However, below Mmin(δ)
the condensed metastable branch disappears and the sys-
tem undergoes a discontinuous transition reversed to the
collapse at Mmax(δ) (see Fig. 24). This transition can
be called an “explosion” since it transforms dense axion
stars into dilute axion stars. Since the collapse and the
explosion occur at different values of mass, due to the
presence of metastable states, we can generate an hys-
teretic cycle by varying the mass between Mmin(δ) and
Mmax(δ).
D. The evolution of unstable equilibrium states
It is also interesting to determine the evolution of a
slightly perturbed unstable (U) equilibrium state. This
evolution will depend on the sign of its energy Etot as
determined in Sec. VII E. Recall that for δ < δc and
Mmin(δ) < M < Mmax(δ) the effective potential V (R)
has three extrema (see Fig. 3): a minimum correspond-
ing to a stable dense axion star of small radius (left),
a maximum corresponding to an unstable axion star
of intermediate radius (middle), and another minimum
corresponding to a stable dilute axion star of large ra-
dius (right). When δ′c < δ < δc or when δ < δ
′
c and
ME,II(δ) < M < Mmax(δ) the unstable axion star has a
negative total energy Etot < 0 (see Fig. 19). As a result,
when slightly perturbed, it either relaxes towards a sta-
ble dense axion star with a smaller radius or towards a
stable dilute axion star with a larger radius (assuming an
efficient dissipation process as explained in Sec. VIII D).
When δ < δ′c and Mmin(δ) < M < ME,II(δ) the unsta-
ble axion star has a positive total energy Etot > 0 (see
Fig. 19). As a result, when slightly perturbed, it either
relaxes towards a dense axion star with a smaller radius
(again assuming dissipation) or explodes and disperses to
infinity.
E. Critical points and phase diagram
The deformation of the series of equilibria E(M) as a
function of the parameter δ is represented in Fig. 21.
For δ = 0, we recover the mass-eigenenergy relation of
dilute axion stars [73] which presents a maximum mass
Mmax = 1 that separates the branch of stable dilute axion
stars (I) and the branch of unstable axion stars (II). For
M > Mmax = 1 the system collapses and is expected to
form a Dirac peak (see Appendix C).
For 0 < δ < δc, a minimum mass Mmin(δ) exists in
addition to the maximum mass Mmax(δ). In that case,
a new branch appears which corresponds to stable dense
axion stars (III). The curve E(M) becomes multi-valued
(Z-shape) so that a first order phase transition between
dilute and dense axion stars is expected to occur. If we
keep only fully stable states (S), the Z-curve has to be
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FIG. 25: Phase diagram of Newtonian axion stars. The H-
zone corresponds to an hysteretic zone where the actual phase
depends on the history of the system. If it is initially prepared
in a dilute state, it will remain dilute until the maximum mass
Mmax at which it will collapse and become dense. Inversely,
if the system is initially prepared in a dense state, it will re-
main dense until the minimum mass Mmin at which it will
explode and become dilute. We show in Appendix K that the
transition mass Mt(δ), which is by definition in the interval
[Mmin(δ),Mmax(δ)], approaches the mass M∗(δ) correspond-
ing to the minimum radius as δ → 0. We recall, however,
that the transition mass Mt(δ) is usually not physically rel-
evant because of the very long lifetime of metastable states
(see main text).
replaced by a vertical Maxwell plateau. The extent of
the plateau decreases as δ increases towards δc.
At the critical point δc, the plateau disappears and the
series of equilibria E(M) presents an inflexion point. At
that point, dE/dM (the equivalent of the specific heats
in thermodynamics) is infinite.
For δ > δc, the curve E(M) is univalued so there is
no phase transition. There is only one branch of stable
axion stars.
In summary, for δ = 0 the system exhibits a collapse
towards a Dirac peak at Mmax = 1; for 0 < δ < δc the
system exhibits a first order phase transition at Mt(δ)
characterized by a vertical Maxwell plateau; for δ > δc
there is no phase transition. We recall, however, that
because of the presence of long-lived metastable states,
the first order phase transition and the Maxwell plateau
are usually not physically relevant. Only the zeroth order
phase transitions that occur at Mmax(δ) and Mmin(δ)
(spinodal points) are physically relevant.
The phase diagram of axion stars can be directly de-
duced from the properties of the series of equilibria by
identifying characteristic masses. We note Mmax(δ) the
end point of the metastable dilute phase (first turning
point of mass), Mmin(δ) the end point of the metastable
condensed phase (last turning point of mass), and Mt(δ)
the mass of transition determined by the equality of the
energies of the two phases. The phase diagram is rep-
resented in Fig. 25. It displays in particular the critical
point δc = 3/400 = 0.0075 at which the phase transitions
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appear/disappear.
F. The dilute limit δ → 0
It is of interest to discuss the limit δ → 0 specifically so
as to make the connection with the results obtained for
dilute axion stars (δ = 0) in [73] when there is no self-
repulsion. For δ → 0, the transition mass Mt(δ) → 0
so that the dilute axion stars on the branch (I) are
metastable (M) while the dense axion stars on the branch
(III) are fully stable (S). However, the branch (III) is re-
jected at infinity (E → −∞). It is made of Dirac peaks
(see Appendix C). Therefore, the δ → 0 limit of the series
of equilibria E(M) (Fig. 21) is formed by the metastable
branch (I) and the unstable branch (II) of the series of
equilibria E(M) of dilute axion stars with δ = 0 plus a
singular stable branch (III) at E = −∞ made of Dirac
peaks. Similarly, the δ → 0 limit of the mass-radius rela-
tion M(R) (Fig. 10) is formed by the metastable branch
(I) and the unstable branch (II) of the mass-radius rela-
tion M(R) of dilute axion stars with δ = 0 plus a singular
stable branch (III) at R = 0 made of Dirac peaks.
Remark: For δ → 0 but δ 6= 0, the Dirac peaks on
the singular branch (III) are not black holes whatever
the mass M since the typical mass at which general rela-
tivistic effects become important, of the order of M0(δ),
tends to infinity for δ → 0 (see Appendix C).
X. QUALITATIVE DESCRIPTION OF
GENERAL RELATIVISTIC EFFECTS
Our Newtonian treatment is valid if the radius of an
axion star of mass M satisfies the condition R  RS =
2GM/c2, where RS is the Schwarzschild radius. In terms
of dimensionless variables, this condition can be rewrit-
ten as R  RS with RS = (81ζ/4ν)Mδ = 3.23Mδ or,
equivalently, as
M  4ν
81ζ
R
δ
= 0.310
R
δ
(Newtonian). (197)
When this condition is not satisfied, i.e. when R ∼ RS
or, in dimensionless form, when
M ∼ 4ν
81ζ
R
δ
= 0.310
R
δ
(GR), (198)
general relativistic effects become important. General-
izing the arguments developed in Appendix B of [34],
the combination of the Newtonian mass-radius relation
M(R) given by Eq. (103) and the relativistic criterion
(198), sometimes called the black hole line, gives a quali-
tative estimate of the general relativistic maximum mass
Mmax,GR of an axion star (see Fig. 26 for an illustra-
tion). Although this method can only give an order of
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FIG. 26: Mass-radius relationship of Newtonian axion stars
for different values of the interaction parameter (δ =
10−10, 10−5, δc, 105, 1010). The intersection between the
M(R) curve and the black hole line M = Rc2/2G (M =
0.310R/δ in dimensionless form) determines the limit of va-
lidity of the Newtonian treatment and the order of magni-
tude of the general relativistic maximum mass of axion stars.
The mass-radius relation (solid line) and the black hole line
(dashed line) corresponding to the same δ can be easily iden-
tified by using the fact that the black hole line and the TF
curve intersect each other at M ∼ M0 (i.e. when the TF
curve presents a change of slope).
magnitude of this maximum mass,21 we shall keep all the
prefactors from our analysis for future comparison.
A. The general relativistic maximum mass of
dilute axion stars
Let us first determine the general relativistic maximum
mass of dilute axion stars. Considering the possible inter-
section between the stable part (R > 1) of the Newtonian
mass-radius relation (105) and the black hole line (198),
we obtain
Mdilutemax,GR =
δ∗
δ
√
2δ
δ∗
− 1, (199)
Rdilute∗,GR =
√
2δ
δ∗
− 1, (200)
provided that δ ≥ δ∗ with
δ∗ =
4ν
81ζ
= 0.310. (201)
These results lead to the following conclusions:
(i) If δ < δ∗ (strongly self-interacting axions), there is
no intersection. Therefore, the Newtonian treatment of
21 It captures, however, the correct scaling of the maximum mass.
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FIG. 27: Mass-radius relation of weakly self-interacting axion
stars with δ > δ∗ (for illustration we have taken δ = 105).
The Newtonian relation is only valid for M  Mdilutemax,GR and
R  Rdilute∗,GR . Close to Mdilutemax,GR, the real (relativistic) mass-
radius relation M(R) should form a spiral like in the case of
noninteracting boson stars (see Appendix A 5).
dilute axion stars is always valid. In that case, the maxi-
mum mass and the minimum radius of dilute axion stars
are given by Mmax = 1 and R∗ = 1. We shall write them
as Mdilutemax,N and R
dilute
∗,N to emphasize that they have a non-
relativistic (Newtonian) origin. We recall that δ  1 for
QCD axions and typical ULAs (such as those considered
in Sec. IV D) so the Newtonian approximation describes
dilute axion stars very well.
(ii) If δ > δ∗ (weakly self-interacting axions), there
is one intersection (see Fig. 27). In that case, the
Newtonian treatment is valid for M  Mdilutemax,GR and
R  Rdilute∗,GR but ceases to be valid as we approach
these values.22. When general relativity is taken into
account, we expect that the mass-radius relation close
to (Mdilutemax,GR, R
dilute
∗,GR ) forms a spiral (see below). Above
Mdilutemax,GR the system is expected to collapse into a black
hole.
If we come back to dimensional variables, we obtain23
Mdilutemax,GR =
( σ
2ν
)1/2√
2− 6piζ
2σ
2|as|
rS
M2P
m
, (202)
Rdilute∗,GR =
(
2σ
ν
)1/2√
2− 6piζ
2σ
2|as|
rS
λC , (203)
22 Note that the axion stars become denser and denser when
M → Mdilutemax,GR so they should not be called dilute axion stars
anymore. However, we keep the notation Mdilutemax,GR to signify
that it corresponds to the general relativistic maximum mass of
the branch of dilute axion stars.
23 These results are in agreement with previous estimates made in
Appendix B5 of [34] and in footnote 18 of [73].
provided that |as| ≤ |as|∗ with
|as|∗ = σ
6piζ
rS = 0.627 rS . (204)
For as = 0 (noninteracting limit), we obtain
Mdilutemax,GR =
(σ
ν
)1/2 M2P
m
= 1.37Mc, (205)
Rdilute∗,GR = 2
(σ
ν
)1/2
λC = 2.74Rc, (206)
where the scales Mc and Rc are defined in Appendix
A 5. Our approximate relativistic treatment recovers the
Kaup scales of noninteracting boson stars. We know
that the mass-radius relation of general relativistic non-
interacting boson stars forms a spiral close to the max-
imum mass (the spiral being made of unstable states),
and we expect this property to be preserved for weakly
self-interacting axions with |as| ≤ |as|∗.
For |as| ≥ |as|∗, the maximum mass and the minimum
radius of dilute axion stars are given by Eqs. (79) and
(80). They can be written as
Mdilutemax,N =
(
σ2
6piζν
)1/2(
rS
2|as|
)1/2
M2P
m
= 1.085Ma,
(207)
Rdilute∗,N =
(
6piζ
ν
)1/2(
2|as|
rS
)1/2
λC = 1.732Ra. (208)
We note from Eqs. (202)-(206) that the general rel-
ativistic maximum mass Mdilutemax,GR and the general rel-
ativistic minimum radius Rdilute∗,GR of dilute axion stars
change only weakly with the self-interaction for |as| ≤
|as|∗. By contrast, for |as| ≥ |as|∗, the Newtonian max-
imum mass Mdilutemax,N decrease as |as|−1/2 and the Newto-
nian minimum radius Rdilute∗,N increases as |as|1/2. At the
transition |as| = |as|∗, we find that
Mdilutemax,N = M
dilute
max,GR =
( σ
2ν
)1/2 M2P
m
= 0.969Mc, (209)
Rdilute∗,N = R
dilute
∗,GR =
(
2σ
ν
)1/2
λC = 1.94Rc. (210)
We note that the value of the scattering length |as|∗
that separates the weakly self-interacting regime from the
strongly self-interacting regime is of the order of the ef-
fective Schwarzschild radius rS of the axion. In Ref. [77],
we have obtained a similar result in a cosmological con-
text. For QCD axions with m = 10−4 eV/c2 and |as| =
5.8× 10−53 m, we find |as|∗ = 1.66× 10−67 m. For ULAs
with m = 2.19× 10−22 eV/c2 and |as| = 1.11× 10−62 fm,
we find |as|∗ = 3.64 × 10−85 m. Therefore, these types
of axions are in the strongly self-interacting regime since
|as|  |as|∗.
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The results from Eqs. (202)-(210) can be expressed
equivalently in terms of f and λ by using Eq. (72).
The critical values of f and λ separating the weakly
self-interacting regime from the strongly self-interacting
regime are
f∗ =
(
6piζ
64piσ
)1/2
MP c
2 = 8.91× 10−2MP c2, (211)
|λ|∗ = 16piσ
6piζ
(
m
MP
)2
= 31.5
(
m
MP
)2
. (212)
We note that f∗ is independent of the mass of the ax-
ion and is of the order of 0.1MP c
2. On the other hand,
the value of the dimensionless self-interaction constant
|λ|∗ separating the weakly self-interacting regime from
the strongly self-interacting regime is |λ|∗ = 2.11×10−63
for QCD axions with mass m = 10−4 eV/c2 and |λ|∗ =
1.01×10−98 for ULAs with mass m = 2.19×10−22 eV/c2.
Since QCD axions have λ = −7.39 × 10−49 and ULAs
have λ = −3.10 × 10−91, they are in the strongly self-
interacting regime although their values of |λ| may seem
very small at first sight. This is because the critical pa-
rameter |λ|∗ scales as (m/MP )2 which is an extraordi-
narily small quantity.24 It is therefore crucial to take the
self-interaction of the axions into account (see the Re-
mark at the end of Sec. IV D 2), although it is oftentimes
neglected [52, 72, 75].
If we consider QCD axions with mass m = 10−4 eV/c2
and neglect their self-interaction (taking as = 0), we ob-
tain Mdilutemax,GR = 1.83× 10−6M and Rdilute∗,GR = 0.540 cm.
The maximum mass set by general relativity Mdilutemax,GR =
1.83×10−6M is much larger than the Newtonian max-
imum mass Mdilutemax,N = 6.92 × 10−14M obtained when
the attractive self-interaction of the axions is taken into
account (as = −5.8× 10−53 m).
If we consider ULAs with mass m = 2.19×10−22 eV/c2
and neglect their self-interaction (taking as = 0), we ob-
tain Mdilutemax,GR = 8.36× 1011M and Rdilute∗,GR = 0.0800 pc.
The maximum mass set by general relativity Mdilutemax,GR =
8.36× 1011M is much larger than the Newtonian max-
imum mass Mdilutemax,N = 1.07× 108M obtained when the
24 In particle physics and quantum field theory, one usually consid-
ers that the self-interaction is weak when |λ|  1. In our situ-
ation, in which gravity is in action, the self-interaction is weak
when |λ|  (m/MP )2, which is a very different criterion since
the ratio m/MP is extremely small (see Appendix L). It is there-
fore relevant to introduce a new dimensionless self-interaction
constant Λ = λ(MP /m)
2 adapted to our problem so that the
weakly self-interacting regime corresponds to |Λ|  1 and the
strongly self-interacting regime corresponds to |Λ|  1. We
stress that the conditions |λ|  1 and |Λ|  1 have a very differ-
ent physical meaning. We can be in the strongly self-interacting
regime |Λ|  1 for our problem, even if we are in the weakly
self-interacting regime of quantum field theory |λ|  1 (we have
reached a similar conclusion in Sec. III.H. of [77] in a cosmolog-
ical context).
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FIG. 28: Mass-radius relation of strongly self-interacting
axion stars with δ < δ∗ (for illustration we have taken
δQCD = 8.88 × 10−16). The Newtonian relation is only valid
for M < Mdensemax,GR. Close to M
dense
max,GR, the exact (general rela-
tivistic) mass-radius relation M(R) may form a spiral or stop
suddently (see footnote 25).
attractive self-interaction of the axions is taken into ac-
count (as = −1.11× 10−62 fm).
In this sense, an attractive self-interaction substan-
tially reduces the maximum mass of axion stars and make
it nonrelativistic instead of relativistic.
B. The general relativistic maximum mass of dense
axion stars
We now consider the general relativistic maximum
mass of dense axion stars. Considering the intersection
between the Newtonian mass-radius relation (131) in the
TF limit and the black hole line (198) we obtain
Mdensemax,GR =
√
−1 +√1 + 24δ∗√
2
δ∗
δ
= 0.976
δ∗
δ
, (213)
Rdense∗,GR =
√
−1 +√1 + 24δ∗√
2
= 0.976... (214)
These results lead to the following conclusions:
(i) If δ > δ∗ (weakly self-interacting axions) there is no
intersection in the physical part of the TF curve (the part
that correctly approximates the Newtonian mass-radius
relation of dense axion stars) because Rdense∗,GR < Rmin. In
that case, the maximum mass is Mdilutemax,GR, the general
relativistic maximum mass of dilute axion stars, and we
are led back to the discussion of point (ii) in Sec. X A.
Above Mdilutemax,GR, the collapse of a dilute axion star is
expected to form a black hole, not a dense axion star.
(ii) If δ < δ∗ (strongly self-interacting axions) there is
one intersection in the physical part of the TF curve since
Rdense∗,GR > Rmin (see Fig. 28). We can now refine the dis-
cussion of point (i) in Sec. X A. If M < Mdilutemax,N = 1
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and R > Rdilute∗,N = 1 the dilute axion stars are sta-
ble and they can be treated by Newtonian gravity. If
Mdilutemax,N < M < M
dense
max,GR, the system collapses into a
dense axion star which can again be treated by New-
tonian gravity. If M > Mdensemax,GR the system collapses
into a black hole. When general relativity is taken
into account, we expect that the mass-radius relation
close to (Mdensemax,GR, R
dense
∗,GR ) forms a spiral or stops sud-
dently.25 We recall that δ  1 for QCD axions and typi-
cal ULAs (such as those considered in Sec. IV D) so that
Mdensemax,GR  1 according to Eq. (213). Therefore, there
is a wide range of masses [Mdilutemax,N,M
dense
max,GR] in which
a dilute axion star can collapse into a Newtonian dense
axion star without forming a black hole.
If we come back to dimensional variables, we obtain
Mdensemax,GR = 0.976
(
6piζ
4ν
)1/2(
2|as|
rS
)1/2
M2P
m
= 0.845Mr,
(215)
Rdense∗,GR = 0.976
(
6piζ
ν
)1/2(
2|as|
rS
)1/2
λC = 1.69Rr,
(216)
provided that |as| ≥ |as|∗. We note that these scales are
similar to the scales characterizing the maximum mass
and the minimum radius of boson stars with a purely re-
pulsive |ϕ|4 self-interaction (as > 0) (see Appendix A 6).
However, as far as we know, these scales are new in the
case of axion stars with an attractive |ϕ|4 self-interaction
(as < 0) and a repulsive |ϕ|6 self-interaction.
For QCD axions withm = 10−4 eV/c2 and as = −5.8×
10−53 m, we obtain Mdensemax,GR = 23.6M and R
dense
∗,GR =
69.8 km, corresponding to an average density ρ = 3.30×
1019 g/m3.
For ULAs with m = 2.19 × 10−22 eV/c2 and as =
−1.11× 10−62 fm, we obtain Mdensemax,GR = 3.19× 1015M
and Rdense∗,GR = 305 pc, corresponding to an average density
ρ = 1.82× 10−9 g/m3.
Remark: We note that the relativistic limit point
(Mdensemax,GR, R
dense
∗,GR ) is close to the point (M0, R0) separat-
ing nongravitational dense axion stars of type (III-a) and
nonattractive dense axion stars of type (III-b) in the TF
regime. Therefore, we conclude that dense axion stars of
type (III-a) can be treated with a Newtonian approach
(up to about the end of this branch) while dense axion
stars of type (III-b) are always relativistic and cannot
25 If the dense axion stars are described by a polytropic equation
of state, as in Appendix F, the relativistic mass-radius relation
is expected to form a spiral because polytropic spheres become
unstable above a maximum central density corresponding to the
maximum mass point. Alternatively, if the dense axion stars
are described by uniform density spheres, as in Appendix E, the
relativistic mass-radius relation is expected to stop suddently at
the point of maximum mass without forming a spiral because
uniform density spheres, when they exist, are always stable. We
will study this problem further in a specific paper.
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FIG. 29: Compactness R/RS = 0.310R/(Mδ) as a function of
the mass M for QCD axion stars (δ = 8.88×10−16). For δ →
0, we find that (R/RS)(Mmax) ∼ 0.310/δ, (R/RS)(Mmin) ∼
0.116/δ, and (R/RS)coll ∼ 0.563/δ2/3. We note that R/RS
is constant (R/RS = 0.155/δ) on the part of the branch (II)
corresponding to unstable axion stars where M ∼ 2R (non-
gravitational limit). The axion stars are Newtonian when
M  Mdensemax,GR (i.e. R/RS  1) and general relativistic oth-
erwise.
be treated with a Newtonian approach. Therefore, the
Newtonian branch of type (III-b) is not physically rele-
vant, except, possibly, at its very begining. We also note
that Mdensemax,GR ∼ M0  Mdilutemax,N when δ  1. There-
fore, we conclude that the collapse of a dilute axion star
with mass M & Mdilutemax,N leads to a dense axion star
of type (III-b), not to a black hole. Black holes are
formed from the collapse of much heavier stars with a
mass M > Mdensemax,GR ∼ M0  Mdilutemax,N. To make things
clear, we have plotted the mass-compactness relation of
axion stars in Fig. 29.
C. Phase diagrams
We can summarize the previous results on synthetic
phase diagrams.
Figure 30 shows the phase diagram in terms of di-
mensionless variables. It exhibits a triple point at
(δ∗,Mdilutemax,N) separating three regions: dilute axion stars,
dense axion stars of type (III-a), and black holes.26 We
recall that the formation of dense axion stars is usually
accompanied by the emission of relativistic axions (ra-
diation), so we have added the term “bosenova” in the
phase diagram.
26 We have represented the most natural phase diagram, obtained
by assuming that we start from a stable dilute axion star and
that we progressively increase its mass. As reported in Fig. 25,
in the hysteretic zone (H), both dilute and dense axion stars are
possible. However, a dilute axion star is more natural.
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FIG. 30: Phase diagram of axion stars using dimensionless
variables.
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FIG. 31: Phase diagram of axion stars in terms of the scat-
tering length |as|.
When δ > δ∗ (weakly self-interacting regime), we ex-
pect to observe dilute axion stars for M < Mdilutemax,GR and
black holes for M > Mdilutemax,GR.
When δ < δ∗ (strongly self-interacting regime), we ex-
pect to observe dilute axion stars for M < Mdilutemax,N, dense
axion stars for Mdilutemax,N < M < M
dense
max,GR, and black holes
for M > Mdensemax,GR.
Figure 31 shows the phase diagram in terms of the scat-
tering length |as|. In order to present a phase diagram
that is not too sensitive on our approximations, we have
normalized the scattering length by its transition value
|as|∗ from Eq. (204) and we have normalized the mass by
the maximum general relativistic mass Mdilutemax,GR(0) cor-
responding to noninteracting axion stars (as = 0), that
we call Mmax,0 for brevity. It is given by Eq. (205). In
this way, the phase diagram is relatively universal while
the exact values of |as|∗ and Mmax,0 are expected to dif-
fer from the values (204) and (205) obtained with our
qualitative approach. They should be obtained from a
rigorous calculation in general relativity. This will be
considered in a future work.
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FIG. 32: Phase diagram of axion stars in terms of the axion
decay constant f .
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FIG. 33: Sketch of the phase diagram of axion stars obtained
by Helfer et al. [112]. It can be compared with the phase
diagram of Fig. 32 obtained from our analytical study.
Using the relation
δ∗
δ
=
|as|
|as|∗ =
(
f∗
f
)2
=
|λ|
|λ|∗ , (217)
we can easily obtain the phase diagrams in terms of f and
λ. The normalized phase diagram in terms of |λ|/|λ|∗
coincides with Fig. 31. The phase diagram in terms of
the axion decay constant f is presented in Fig. 32.
Remark: the triple point that we have obtained
from our analytical study is probably related to the
one found numerically by Helfer et al. [112]. This
is illustrated in Figs. 32 and 33 that have a simi-
lar qualitative behavior. We find that the triple point
is located at (f∗/MP c2,M∗/(M2P /m)) = (0.0891, 0.969)
while the exact values obtained by Helfer et al. [112] are
(f∗/MP c2,M∗/(M2P /m))exact = (0.3, 2.4). One reason
for this quantitative difference is due to the approxima-
tions inherent to our analytical study: Gaussian ansatz
(see Sec. V) and qualitative treatment of relativistic ef-
fects (see Sec. X). Another reason for this discrepency,
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that we believe to be more important, is due to the fact
that we are not using the same axionic potential. Helfer
et al. [112] solve the KGE equations for a real SF de-
scribed by the instantonic potential (28) while we con-
sider a complex SF described by the polynomial poten-
tial (37) involving an attractive |ψ|4 term and a repulsive
|ψ|6 term. As an exemple of this intrinsic difference, we
note that, in our model, the maximum mass of dilute ax-
ion stars, if it were calculated exactly, would be always
smaller than the Kaup mass MKaup = 0.633M
2
P /m (see
Appendix A 5), and would tends to the Kaup mass in the
noninteracting limit f/MP c
2 → +∞ (see Fig. 32). By
contrast, the maximum mass obtained by Helfer et al.
[112] is always larger than the Kaup mass for the values
of f/MP c
2 considered, and apparently does not tend to
the Kaup mass when f/MP c
2 → +∞ (see Fig. 33).27
This may be an effect of the periodicity and anharmonic-
ity of the instantonic axion potential that is not captured
in our polynomial approximation.
XI. SUMMARY
In this section, we summarize the main results of our
study, and express the physical quantities of axion stars
(mass, radius, density) in terms of dimensional variables.
We give the prefactors when we know their exact val-
ues. Otherwise, we just give the scaling of the physical
quantities when the prefactor is uncertain (the prefactors
obtained from the Gaussian ansatz can be found in the
main text if needed).
A. Weakly self-interacting axions
We first consider weakly self-interacting axions with
|λ| < |λ|∗ ∼ (m/MP )2. For M  Mdilutemax,GR ∼ M2P /m
and R  Rdilute∗,GR ∼ λC , we are on the branch (I) of
the mass-radius relation corresponding to stable dilute
axion stars. They can be described by Newtonian grav-
ity. Suppose that we increase their mass M (physically,
this can happen if the axion stars accrete matter from
the surrounding or collide with other stars). As we ap-
proach the general relativistic maximum mass Mdilutemax,GR,
the axion stars become more and more relativistic (they
also become denser and denser). Close to Mdilutemax,GR, the
mass-radius relation forms a spiral. For M > Mdilutemax,GR
there is no equilibrium state and the axion star collapses
into a black hole. For noninteracting complex boson stars
(λ = 0), the maximum mass and the minimum radius are
Mdilutemax,GR = 0.633M
2
P /m and R
dilute
∗,GR = 6.03λC [95, 96].
For self-interacting axion stars, the maximum mass and
27 Helfer et al. [112] do not consider the noninteracting limit
f/MP c
2 → +∞ because they mention that high-particle physics
generically imposes f < MP c
2.
the minimum radius are not expected to change appre-
ciably with |λ| when λ < |λ|∗ ∼ (m/MP )2 (see Sec. X A).
B. Strongly self-interacting axions
We now consider strongly self-interacting axions with
|λ| > |λ|∗ ∼ (m/MP )2. This is the regime of physical
interest for QCD axions and ULAs. For M < Mdilutemax,N =
5.073MP /
√|λ| and R99 > Rdilute∗,N = 1.1√|λ|(MP /m)λC
[34, 35], we are on the branch (I) of the mass-radius rela-
tion corresponding to stable dilute axion stars. They can
be described by Newtonian gravity up to the maximum
mass Mdilutemax,N. Let us assume that the mass progressively
increases. For M > Mdilutemax,N the axion stars collapse and
become denser and denser until the collapse is stopped
by the repulsive self-interaction. In that case, the system
reaches an equilibrium state corresponding to a dense ax-
ion star located on the branch (III-a) of the mass-radius
relation on which self-gravity is weak. As discussed in
[110], this collapse may be associated with an emission of
relativistic axions (bosenova phenomenon). The star may
also undergo a series of implosions and explosions. As-
suming that the mass is approximately conserved during
the collapse, the resulting dense axion star has a radius
Rcoll = 0.812|λ|1/6(MP /m)1/3λC . For sufficiently small
masses and sufficiently small radii, the dense axion stars
on the branch (III-a) of the mass-radius relation can be
described by Newtonian gravity. They have a constant
density ρdense = 2.25|λ|−1m/λ3C independent of their
mass. As their mass increases further and approaches
Mdensemax,GR ∼ |λ|1/2M3P /m2 (which is of the order of M0)
corresponding to a radius Rdense∗,GR ∼ |λ|1/2(MP /m)λC ,
the dense axion stars become relativistic.28 Close to
Mdensemax,GR, the mass-radius relation forms a spiral or stops
suddently (see footnote 25). For M > Mdensemax,GR, there is
no equilibrium state and the axion star collapses into
a black hole. Let us now assume that the mass de-
creases along the branch (III-a) of the mass radius rela-
tion. When M < Mdensemin,N ∼ m/|λ| and R < Rdense∗,N ∼ λC ,
the dense axion star explodes a forms a dilute axion star
of radius Rexp ∼ |λ|(MP /m)2λC or, more realistically,
disperses to infinity.
It is interesting to see that the mass scales Mdilutemax,GR ∼
Mc ∼ M2P /m, Mdilutemax,N ∼ Ma ∼ MP /
√|λ|, Mdensemax,GR ∼
Mr ∼
√|λ|M3P /m2 and Mdensemin,N ∼ Mi ∼ m/|λ| pre-
senting the scalings M2P /m, MP /
√|λ|, √|λ|M3P /m2 and
m/|λ| play a fundamental role in the problem.
28 Depending on the exact values of Mdensemax,GR and M0, the dense
axion stars may be in a Newtonian regime for M0 < M <
Mdensemax,GR corresponding to the begining of the branch (III-b) of
the mass-radius relation where the self-attraction of the bosons
is negligible, before becoming relativistic for M ∼Mdensemax,GR.
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FIG. 34: Mass-radius relation of QCD axion stars with di-
mensional variables obtained from the Gaussian ansatz. The
Newtonian maximum mass and the corresponding radius of
dilute axion stars are Mdilutemax,N = 6.92×10−14M and Rdilute∗,N =
71.5 km. The radius of the dense axion star resulting from
the collapse of a dilute axion star with the maximum mass is
Rcoll = 1.25 m. The general relativistic maximum mass and
the corresponding radius of dense axion stars are Mdensemax,GR =
23.6M and Rdense∗,GR = 69.8 km. Close to M
dense
max,GR, the mass-
radius relation M(R) may form a spiral or stop suddently.
The Newtonian minimum mass and the corresponding ra-
dius of dense axion stars are Mdensemin,N = 4.40 × 10−20M
and Rdense∗,N = 1.70 cm. The radius of the dilute axion star
resulting from the explosion of a dense axion star with the
minimum mass is Rexp = 2.25 × 108 km suggesting that the
star is dispersed away. From the exact results of [35], we get
Mdilutemax,N = 6.46 × 10−14M and Rdilute∗,99,N = 227 km. From the
exact results of [103], we get Mdensemin,N = 1.2 × 10−20M and
Rdense∗,N = 1.81 cm. The authors of [103] find no solution with
Mdensemax = 1.9M (see Appendix E 2). From the exact result
of Appendix E, we get Rcoll = 0.756 m. We have also plotted
the lines M< = 2×10−9M and M> = 15M between which
MACHOs are excluded from observations [115, 116]. We see
that axionic DM can be in the form of gases of axions, or di-
lute axion stars, or dense axion stars with M < 2× 10−9M,
or dense axion stars (or axionic black holes) with M > 15M.
C. Analogy with white dwarfs, neutron stars and
black holes
We have represented the mass-radius relations of QCD
axion stars and ULA clusters in Figs. 34 and 35 using
dimensional variables. Numerical values of the charac-
teristic masses and radii are given in the captions. We
note that the mass-radius relation of QCD axion stars
reported in Fig. 34, and obtained analytically in our
approximate study, is in good agreement with the exact
mass-radius relation of QCD axion stars obtained numer-
ically by Braaten et al. [103] (see their Fig. 1). We also
note that Figs. 34 and 35 look the same except for a
change of scales. However, this impression is mislead-
ing in the sense that there is no scale-invariance in the
general mass-radius relation (103) of axion stars: the self-
interaction parameter δ cannot be eliminated from this
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FIG. 35: Mass-radius relation of ULA clusters (this concerns
more precisely their solitonic core) with dimensional variables
obtained from the Gaussian ansatz. The Newtonian max-
imum mass and the corresponding radius of dilute clusters
are Mdilutemax,N = 1.07 × 108M and Rdilute∗,N = 0.313 kpc. The
radius of the dense cluster resulting from the collapse of a
dilute cluster with the maximum mass is Rcoll = 1.23 pc.
The general relativistic maximum mass and corresponding
radius of dense clusters are Mdensemax,GR = 3.19 × 1015M and
Rdense∗,GR = 0.305 kpc. Close to M
dense
max,GR, the mass-radius rela-
tion M(R) may form a spiral or stop suddently. However, the
general relativistic maximum mass Mdensemax,GR = 3.19×1015M
is too large to describe the solitonic core of ULA clusters
suggesting that ULA clusters never form black holes. The
Newtonian minimum mass and corresponding radius of dense
clusters are Mdensemin,N = 2.30 × 105M and Rdense∗,N = 0.253 pc.
The radius of the dilute cluster resulting from the explosion
of a dense cluster with the minimum mass is Rexp = 290 kpc
suggesting that the cluster is dispersed away. From the exact
results of [35], we get Mdilutemax,N = 10
8M and Rdilute∗,N = 1 kpc.
From the exact result of Appendix E, we find Rcoll = 0.745 pc.
relation by a simple rescaling. Only the branch of dilute
axion stars is invariant for sufficiently small values of δ
(see footnote 14).
The mass-radius relation of axion stars shares some
analogies with the mass-radius relation of fermion stars
at T = 0 such as white dwarf stars and neutron stars
based on the Harrison-Wakano-Wheeler (HWW) equa-
tion of state (compare Figs. 34 and 35 with Fig. 7
of [144], Fig. 2 of [149], or Fig. 11.2 of [150]). For
sufficiently small masses and sufficiently large radii, a
star at T = 0 (more properly at T  TF where TF is
the Fermi temperature) is in a Newtonian nonrelativis-
tic white dwarf stage where the gravitational attraction is
balanced by the quantum pressure of the degenerate elec-
tron gas on account of the Pauli exclusion principle. As
we approach the Newtonian Chandrasekhar maximum
mass MWDmax,N = 0.776M
3
P /H
2 = 1.44M (where H is the
proton mass), special relativistic effects come into play
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FIG. 36: Mass-density relation of QCD axion stars with di-
mensional variables obtained from the Gaussian ansatz. The
density of dilute axion stars at the Newtonian maximum
mass is ρ = 8.98 × 104 g/m3 (the exact value obtained from
the results of [35] is ρ = 2.62 × 103 g/m3). The constant
density of dense axion stars in the TF + nongravitational
regime, which includes the dense axion star resulting from
the collapse of a dilute axion star with the maximum mass,
is ρdense = 1.68 × 1019 g/m3 (the exact value obtained from
the results of Appendix E is ρdense = 7.07 × 1019 g/m3).
The density of dense axion stars at the general relativis-
tic maximum mass is ρ = 3.30 × 1019 g/m3. The density
of dense axion stars at the Newtonian minimum mass is
ρ = 4.21 × 1018 g/m3 (the exact value obtained from the re-
sults of [103] is ρ = 9.61 × 1017 g/m3). The density of the
dilute axion star resulting from the explosion of a dense ax-
ion star with the minimum mass is ρ = 1.84 × 10−21 g/m3
suggesting that the star is dispersed away.
and the radius RWD∗,N tends to zero.
29 Above the Chan-
drasekhar maximum mass, white dwarf stars collapse, the
electrons and the protons combine together to form neu-
trons, and the system becomes a neutron star in which
the gravitational attraction is balanced by the quantum
pressure of the degenerate neutron gas (some mass is
ejected during the collapse). Above the Oppenheimer-
Volkoff general relativistic maximum mass MNSmax,GR =
0.384M3P /m
2 = 0.710M (wherem is the neutron mass),
corresponding to a radius RNS∗,GR = 9.18 km, the neutron
star collapses into a black hole.
In the analogy between axion stars and fermion stars,
the dilute axion stars are the counterpart of the white
dwarf stars and the dense axion stars are the counterpart
of the neutron stars. Similarly, the Newtonian maximum
mass of dilute axion stars Mdilutemax,N is the counterpart of
the Newtonian Chandrasekhar maximum mass of white
dwarf stars MWDmax,N and the general relativistic maximum
mass of dense axion stars Mdensemax,GR is the counterpart of
29 If we take general relativity into account, we obtain a minimum
radius RWD∗,GR = 102 km.
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FIG. 37: Mass-density relation of ULAs clusters (this con-
cerns more precisely their solitonic core) with dimensional
variables obtained from the Gaussian ansatz. The density of
dilute axionic clusters at the Newtonian maximum mass is
ρ = 5.63× 10−17 g/m3 (the exact value obtained from the re-
sults of [35] is ρ = 1.62×10−18 g/m3). The constant density of
dense axionic clusters in the TF + nongravitational regime,
which includes the dense axionic cluster resulting from the
collapse of a dilute axionic cluster with the maximum mass,
is ρ = 9.21 × 10−10 g/m3 (the exact value obtained from the
results of Appendix E is ρ = 3.88× 10−9 g/m3). The density
of dense axion stars at the general relativistic maximum mass
is ρ = 1.82 × 10−9 g/m3. The density of dense axion stars
at the Newtonian minimum mass is ρ = 2.30 × 10−10 g/m3.
The density of the dilute axionic clusters resulting from the
explosion of a dense axionic cluster with the minimum mass is
ρ = 1.52×10−28 g/m3 suggesting that the cluster is dispersed
away.
the general relativistic Oppenheimer-Volkoff maximum
mass of neutron stars MNSmax,GR. Close to the general rela-
tivistic maximum mass, the mass-radius relation of dense
axion stars is expected to form a spiral (see footnote 25
for more details) similarly to the mass-radius relation of
neutron stars.
There is, however, a difference in the sense that the
Chandrasekhar mass is larger than the Oppenheimer-
Volkoff maximum mass while, in the present context, the
Newtonian maximum mass of dilute axion stars is smaller
than the general relativistic maximum mass of dense ax-
ion stars. In this sense, the mass-radius relation of axion
stars is more similar to the mass-radius relation of com-
pact stars obtained with the Skyrme-Cameron-Saakyan
(SCS) equation of state (see Fig. 3 of [149]). Indeed,
in more realistic models of neutron stars, the maximum
mass is substantially larger than the ideal Oppenheimer-
Volkov limit, being in the range 2 − 2.4M, and over-
comes the Chandrasekhar limiting mass of white dwarf
stars. This is why Shapiro and Teukolsky [151] draw a
mass-radius relation (see their Fig. 6.3) in which the
maximum mass of neutron stars is larger than the max-
imum mass of white dwarf stars. This figure, which can
be seen as a synthesis of Figs. 2 and 3 of [149] is similar
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to Figs. 34 and 35 of axion stars.
We finally note that we can determine the stability of
the different configurations of fermion stars represented
in Fig. 7 of [144], in Figs. 2 and 3 of [149], in Fig. 11.2 of
[150] and in Fig. 6.3 of [151] by using the Poincare´ theory
of linear series of equilibria, as shown here in the case of
axion stars. The Poincare´ theory provides an alternative,
and a generalization, of the M(R) theorem devised by
Wheeler [144] in the physics of compact objects (white
dwarfs and neutron stars) and used in [149–151].
For completeness, we have also represented the mass-
density relations of QCD axion stars and ULA clusters
in Figs. 36 and 37 using dimensional variables. Again,
they present analogies with the mass-central density re-
lations of fermion stars (compare Figs. 36 and 37 with
Fig. 5 of [144] or Figs. 6.2 and 9.1 of [151]). If the mass-
radius relation of dense axion stars forms a spiral close to
Mdensemax,GR (for the reason explained previously), then the
mass-density relation will display damped oscillations as
in the case of neutron stars (see the previous references
and Fig. 1 of [152]).
D. Analogy with self-gravitating fermions at finite
temperature
We have seen that axion stars are expected to undergo
a phase transition between a dilute phase and a dense
phase when the self-interaction parameter δ is below a
critical value δc = 0.0075.
This phase transition is similar to the Van der Waals
phase transition between a gas and a liquid when the
temperature T is below a critical value Tc. However, in
our case, the phase transition is not of thermodynami-
cal origin since we work at T = 0. On the other hand,
the metastable axionic stars generally have very long life-
times so that the first order phase transition that is ex-
pected to occur at Mt does not take place in practice.
Only the zeroth order phase transitions at Mmax and
Mmin are physical. By contrast, in the Van der Waals
fluid, the metastable states are less robust and the liq-
uid/gas coexistence usually exists at a unique pressure
Pt determined by the Maxwell construction. Therefore,
a first order phase transition really occurs in that case.
The nature of phase transitions in axion stars at T = 0
is also similar to the nature of phase transitions in
the Newtonian self-gravitating Fermi gas at finite tem-
perature studied in [148]. Above a critical size, self-
gravitating fermions30 are expected to display a first or-
der phase transition between a gaseous phase and a con-
densed phase with a core-halo structure. In the gaseous
phase, the gravitational attraction is equilibrated by the
thermal pressure. In the condensed phase, the gravi-
30 They may represent electrons in white dwarf stars, neutrons in
neutron stars, or massive neutrinos in DM models.
tational attraction is counterbalanced by the quantum
pressure of the degenerate Fermi gas arising from the
Pauli exclusion principle. In the self-gravitating Fermi
gas at finite temperature, metastable states have very
long lifetimes so that the predicted first order phase tran-
sition does not take place in practice, like in the case of
axion stars. Only the zeroth order phase transitions at
the spinodal points take place. The mass-radius relations
of Fig. 10 can be compared with the caloric curves of Fig.
14 in [148] and the phase diagram of Fig. 25 can be com-
pared with the phase diagrams of Figs. 34 and 35 in [148].
The phenomenology of the phase transitions in the self-
gravitating Fermi gas at finite temperature is, however,
richer than the phenomenology of the phase transitions
in axion stars because this system displays two critical
points, one in each statistical ensembles (microcanoni-
cal and canonical). This is related to the phenomenon
of ensembles inequivalence that characterizes the ther-
modynamics of systems with long-range interactions like
self-gravitating systems [148, 153].
XII. CONCLUSION
In this paper, we have studied the mass-radius relation
of dilute and dense axion stars by using an analytical ap-
proach based on a Gaussian ansatz like in our previous
works [34, 73, 78]. Our results are in good qualitative,
and even quantitative, agreement with the exact results
of Chavanis and Delfini [35] for dilute axion stars, and
the exact results of Braaten et al. [103] for dense axion
stars, obtained by solving the GPP equations numerically
(see the caption of Fig. 34 for a comparison between our
approximate analytical results and the exact numerical
ones). An interest of our analytical study is that it al-
lows us to vary more easily the parameters and to isolate
characteristic mass, length and density scales that play
an important role in the problem.
We have also taken into account relativistic effects in
a qualitative manner and obtained an estimate of the
maximum mass of axion stars set by general relativity.
Above that mass, the axion star is expected to collapse
into a black hole. We have obtained a phase diagram
presenting a triple point separating dilute axion stars,
dense axion stars (that may be the remnants of a bosen-
ova) and axionic black holes. This phase diagram is in
qualitative agreement with the phase diagram obtained
numerically by Helfer et al. [112] by solving the KGE
equations. The quantitative disagreement in the posi-
tion of the triple point may be due to our approximations
or to the fact that we use a different potential. Indeed,
Helfer et al. [112] solve the KGE equations for a real
SF described by the instantonic potential (28) while we
consider a complex SF described by a polynomial poten-
tial (37) involving an attractive |ψ|4 term and a repulsive
|ψ|6 term.
The evolution of axion stars above the maximum mass
is still unclear and deserves further research. As we have
40
indicated, the collapse of a dilute axion star can lead to
a dense axion star (possibly associated with an emission
of relativistic axions - bosenova) when M &Mmax, or to
a black hole when M  Mmax. The mass of the dense
axion star, or the mass of the black hole, that results
from the collapse of a dilute axion star is not precisely
known and should be studied in detail through numerical
simulations. As shown by Levkov [110], the collapse of a
dilute axion star with M & Mmax may be accompanied
by an important emission of radiation (bosenova) that
carries away a large part of the initial mass (about 30%).
A first domain of application of these ideas concerns
the formation and the evolution of mini QCD axion
stars. Dilute QCD axion stars have a maximum mass
M exactmax = 6.46 × 10−14M [see Eq. (47)], a minimum
radius (R∗99)
exact = 227 km [see Eq. (48)], a maximum
density ρexactdilute = 2.62 × 103 g/m3 [see Eq. (50)], and
a typical minimum energy Etot ∼ −2.35 × 1025 erg [see
Eq. (146)] while dense QCD axion stars that result
from the collapse of a dilute QCD axion star with the
maximum mass M exactmax = 6.46 × 10−14M have a ra-
dius Rexactcoll = 0.756 m [see Eq. (E22)] and a density
ρexactdense = 7.07 × 1019 g/m3 [see Eq. (E4)]. They are far
from the black hole limit since R/RS = 3.96× 109  1.
They have a low pulsation period 2pi/ωexactcoll = 6.70 ×
10−9 s [see Eq. (E23)], and a very negative energy
(Ecolltot )exact = −3.25 × 1040 erg [see Eq. (E24)]. We
can check that self-gravity is weak in dense QCD axion
stars since GM2/R = 1.46 × 1031 ergs  |(Ecolltot )exact|.
The formation time of a dense QCD axion star (col-
lapse time) is tcoll = 2.90γ
−1/4tD = 9.86γ−1/4 hrs where
γ = M/Mmax − 1 (see Eq. (185) of [73]). For γ = 10−4
this gives tcoll = 98.6 hrs. Both dilute and dense QCD
axion stars could be the constituents of DM in the form
of MACHOs. Axionic black holes with a mass larger than
15M could possibly exist (see Fig. 34) but their mech-
anism of formation (if relevant) is uncertain and remains
to be established.
On the other hand, the collisions between dilute ax-
ion stars and neutron stars possessing a strong magnetic
field [130–132, 134], the collisions between dilute axion
stars and the magnetized accretion disk of a black hole
[133], or the collapse of dilute axion stars above their
maximum mass [110], can produce a radiation (of dif-
ferent origin). If the mass of the axion star is rapidly
transformed into electromagnetic radiation, for example
during the collision with a neutron star (magnetar) or an
accretion disk, this radiation should be detectable. Inter-
estingly, as noted by [130–134], the characteristics of mini
QCD axion stars are consistent with the observed prop-
erties of recently detected unusual radio pulses known as
FRBs: The observed frequency of the bursts (∼ 1.4 GHz)
is comparable to the proper frequency mc2/(2pi~) of the
QCD axion with a mass m ∼ 10−5 eV/c2, the observed
rate of the bursts in a galaxy (∼ 10−3 per year) gives a
mass of axion stars ∼ 10−12M which is comparable to
their maximum mass,31 the size of the emitting source
must be less than 300 km which is consistent with the
radius of axion stars R∗99, and the large amount of radi-
ation energy of the bursts (∼ 1038 − 1040 erg) is of the
order of Mmaxc
2. Therefore, FRBs can be matched in a
model which assumes an explosive decay of axion stars
as a result of collisions with neutron stars and accretion
disks. In the case of a collapse above the maximum mass,
the spectrum obtained in [110] may serve as a distinctive
signature of the axion star collapse.
Another domain of application of these ideas concerns
the formation and the evolution of DM halos. It has been
proposed that DM halos could be giant BECs made of
ULAs. In this context, an important issue is whether the
DM particle has a self-interaction or not. In many works,
the self-interaction of the boson is neglected because the
self-interaction parameter |λ| ∼ 10−91 is extremely small.
However, we have shown in this paper and in previous
ones [35, 73, 77] that even for apparently small values
of |λ| we can be in a regime of strong self-interaction.
This is because, for the self-interaction to be weak in the
context of DM halos, |λ| has to be small with respect
to (MP /m)
2, not with respect to 1. Now, for ULAs,
(MP /m)
2 is a very small quantity of the order of 10−98.
Therefore, we claim that the self-interaction of the axions
has to be taken into account, and that ULAs are actually
in a strong self-interaction regime (see Appendix L for a
more detailed discussion).
The sign of the scattering length is also of crucial im-
portance. A repulsive self-interaction has the tendency
to stabilize a DM halo. In that case, the mass of the
ULA can be substantially larger than the value it should
have to account for the observations if it were nonin-
teracting (see Appendix D of [77]). For example, a
fiducial model of self-repulsive bosons corresponds to a
mass m = 3 × 10−21 eV/c2 and a self-interaction con-
stant λ/8pi = 1.69 × 10−87 [54, 77]. The boson mass
is about one order of magnitude larger than the value
m = 2.92 × 10−22 eV/c2 required in the absence of self-
interaction. This is precisely what we need to alleviate
some tensions with the observations of the Lyman-α for-
est [75] or some tensions with the observations of the
abundance of ultrafaint lensed galaxies at redshift z ' 6
in the Hubble Frontier Fields (HFF) [154]. Therefore, a
repulsive self-interaction may solve these problems (see
the Remark at the end of Appendix D.4 of [77]). We
also note that cosmological constraints from CMB and
big bang nucleosynthesis (BBN) exclude the possibility
that the bosons are noninteracting [54, 77]. In these mod-
els, which are based on a complex SF, a repulsive self-
interaction between the bosons (as > 0) seems to be the
most likely in order to account for the observations.
31 Iwazaki [131] identifies this mass with the mass of axitons
Maxiton ∼ 10−12M [94] while it would be more relevant to
identify it with the maximum mass Mmax = 6.46× 10−14M of
dilute axion stars [34, 35].
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However, if the DM particle is an axion (a real SF),
the self-interaction is generally attractive (as < 0). Now,
an attractive self-interaction has the tendency to desta-
bilize a DM halo. A DM halo can be stable only below
a maximum mass [34, 35]. Recently, Diez-Tejedor and
Marsh [155] have obtained some constraints on the value
of the axion decay constant. They argue that if the axion
mass is temperature-independent, then m ∼ 10−22 eV/c2
and f & 1016 GeV. They also consider the possibility
that the axion mass is temperature-dependent and dis-
cuss the case where m ∼ 10−22 eV/c2 and f ∼ 1015GeV,
corresponding to as = −1.96×10−64 fm and λ = −2.50×
10−93. This leads to dilute axion stars with a maximum
mass M exactmax = 1.11×109(f/m)M [see Eq. (47)], a min-
imum radius (R∗99)
exact = 428/(fm) pc [see Eq. (48)],
a maximum density ρexactdilute = 2.29 × 10−16(f4m2) g/m3
[see Eq. (50)], and a typical minimum energy Etot ∼
−1.19 × 1056(f3/m) ergs [see Eq. (146)], where the ax-
ion mass m is measured in units of 10−22 eV/c2 and the
axion decay constant f is measured in units of 1015GeV.
We should regard M exactmax = 1.11 × 109(f/m)M as the
maximum mass of the solitonic core of the DM halo,
not the maximum mass of the DM halo itself (see foot-
note 1). If some DM halos have an axionic solitonic
core of mass Mcore > M
exact
max = 1.11 × 109(f/m)M,
they should undergo core collapse. One possibility is
that they form a dense axionic nucleus (axion star) of
mass M exactmax = 1.11 × 109(f/m)M, radius Rexactcoll =
0.949/(mf1/3) pc [see Eq. (E22)], and density ρexactdense =
2.10 × 10−8(m2f2) g/m3 [see Eq. (E4)]. This nucleus is
not a black hole, not even a relativistic object, because
R/RS = 8930f
−4/3  1. This dense nucleus has a very
low pulsation period 2pi/ωexactcoll = 8.24/(mf
1/3) yrs [see
Eq. (E23)] and a very negative energy (Ecolltot )exact =
−5.59 × 1062(f/m) ergs [see Eq. (E24)]. Note that this
energy is not of gravitational origin since GM2/R ∼
1.11 × 1059(f7/3/m) ergs  |Ecolltot |exact for f . 1. The
formation time of a dense axionic nucleus (collapse time)
is tcoll = 2.90γ
−1/4tD = 3.80/(γ1/4mf2) Myrs where
γ = M/Mmax − 1 [see Eq. (185) of [73]]. For γ = 10−4
this gives tcoll = 38.0/(mf
2) Myrs.
We therefore suggest that DM halos may harbor a
dense axionic nucleus (supermassive axion star). We note
that part (or all?) of the mass and energy of the dilute
axionic solitonic core may be lost during the collapse and
could be converted in a radiation as studied by Levkov
et al. [110]. Indeed, the unstable solitonic core of a DM
halo with a mass Mcore > Mmax could undergo a series
of collapses and explosions and emit waves with a very
characteristic spectrum [see Fig 3(a) of [110]]. In that
case, the dense axionic nucleus would be the remant of a
bosenova. It would have a mass ∼ 109M if there is no
mass loss during the collapse or smaller if there is mass
loss (e.g. by radiation) during the collapse.
Interestingly, the mass ∼ 109M is of the order of
the maximum mass of the dark objects that are reported
to exist at the center of the galaxies. It is also inter-
esting to note that certain characteristics of dense ax-
ionic nuclei are similar to the characteristics of quasis-
tellar radio sources (quasars and active galactic nuclei)
in strong radio galaxies. They both present large en-
ergies ∼ 1060 ergs and cyclic variations with periods of
the order of 10 years. At present, it is believed that a
quasar consists of a supermassive black hole with a mass
∼ 106 − 109M surrounded by an accretion disk of gas.
Their source of energy and their large luminosity is the
result of the immense friction caused by the gas falling
towards the black hole. The energy is released in the form
of electromagnetic radiation. The active galactic nucleus
radiates in the direction of a jet directed by the lines of
a magnetic field. The jet velocity is close to the speed of
light. Quasars cease to shine when the the supermassive
black hole has consumed all the gas and dust around it.
Our galaxy may have been active in the past but is now
quiet since its central black hole has nothing to “eat” to
produce radiation.
Instead of a central black hole, other possibilities have
been contemplated. In a first attempt to understand the
source of the energy emitted by the radio galaxies, Hoyle
and Fowler [156] suggested the possibility that a mass of
the order of 108M has condensed in the galactic nucleus
into a supermassive star in which nuclear-energy genera-
tion takes place. Such an object would be supported in
hydrostatic equilibrium almost entirely by radiation pres-
sure. In the Hoyle-Fowler theory, the energy corresponds
to the gravitational energy of the supermassive star. As-
suming a radius ∼ 10−3 pc (corresponding to a superstar
with a density ∼ 1 g/m3 and R/RS ∼ 104), this gives a
gravitational energy GM2/R ∼ 1060 ergs. The gravita-
tional energy GM2/R may be made available for external
dissipation necessary to transfer angular momentum from
the supermassive star to the surrounding material. Hoyle
and Fowler [156] imagined a magnetized field torroidally
wound between the central star and a surrounding disk
and argued that the energy stored in the magnetic field
could be of the order of GM2/R. This powerful field
may explode throwing jets from the center of galaxies.
The superstars of mass 108M imagined by Hoyle and
Fowler [156] were found to be unstable from the view-
point of general relativity, but Fowler [157] showed that
stability is gained if they are rotating.
More recently, it has been proposed that a supermas-
sive neutrino star (fermion ball) may form at the center of
a galaxy. It may arise through a phase transition in a self-
gravitating gas of neutrinos with mass 17.2 keV/c2 from
a dilute gaseous phase to a condensed phase when the
temperature passes below a critical value [148, 158–161].
These compact dark objects with a mass 106 − 109M
and a radius ∼ 10−3 − 10−2 pc could mimic the effect of
a supermassive black hole purported to exist in the core
of galaxies to power active galactic nuclei and quasars.
Similarly, we could consider the possibility that the
central dark object in a galaxy is a boson star [162, 163]
or a supermassive dense axion star. Realistic models
should take into account the formation of an accretion
disc around the boson star. An important difference be-
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tween dense axion stars and black holes resides in the fact
that dense axion stars (like certain types of fermion balls
and boson stars) are nonrelativistic objects.32 Still they
can have a huge mass M ∼ 109M and a huge energy
Etot ∼ −Mc2 ∼ −1060 ergs.
In conclusion, the formation of dense axion stars, the
radiation emitted during the collapse of a dilute axion
star above the maximum mass (bosenova), or the electro-
magnetic radiation created during the collision of a dilute
axion star with a neutron star or an accretion disk, may
have different applications of great astrophysical inter-
est such as FRBs and, possibly, the formation of super-
massive galactic nuclei accompanied by intense radiation.
These topics will be the object of future research.
Appendix A: Characteristic scales
1. The scales associated with self-interacting
nonrelativistic self-gravitating BECs
We introduce the mass and length scales associated
with nonrelativistic self-gravitating BECs with a |ψ|4
self-interaction:
Ma =
(
~2
Gm|as|
)1/2
, Ra =
( |as|~2
Gm3
)1/2
. (A1)
In the context of our paper, these scales characterize the
maximum mass Mdilutemax,N and the minimum radius R
dilute
∗,N
of nonrelativistic dilute axion stars. We also introduce
the density scale
ρa =
Ma
R3a
=
Gm4
~2a2s
, (A2)
the timescale
ta =
1√
Gρa
=
|as|~
Gm2
, (A3)
the global energy scale
Ea =
GM2a
Ra
=
(
Gm~2
|as|3
)1/2
, (A4)
the individual energy scale33
Ea
Na
=
Gm2
|as| , (A5)
32 We note that the compact object associated with Sagittarius A∗
has a mass M = 4.31 × 106M and a radius R ≤ 1010 km
implying R/RS ≤ 785. Therefore, this object is not necessarily
a black hole unless its radius is much smaller than R ≤ 1010 km.
33 Dimensionally, the eigenenergy scale is equal to the gravitational
energy of two bosons separated by a distance equal to their scat-
tering length. This is also the gravitational energy of a boson of
“size” |as|.
where Na = Ma/m, and the pressure scale
Pa =
G2m5
|as|3~2 . (A6)
These scales can be expressed in terms of f and λ as
Ma =
(
32pif2~
Gm2c3
)1/2
=
(
8pi~c
|λ|G
)1/2
, (A7)
Ra =
(
~3c3
32pif2Gm2
)1/2
=
( |λ|~3
8piGm4c
)1/2
, (A8)
ρa =
(32pif2)2Gm2
~4c6
=
(8pi)2Gm6c2
λ2~4
, (A9)
ta =
~2c3
32pif2Gm
=
|λ|~2
8piGm3c
, (A10)
Ea = (32pif
2)3/2
(
G
~m2c9
)1/2
=
(
8pi
|λ|
)3/2(
Gm4c3
~
)1/2
,
(A11)
Ea
Na
= 32pif2
Gm
~c3
=
8pi
|λ|
Gm3c
~
, (A12)
Pa = (32pif
2)3
G2m2
~5c9
=
(
8pi
|λ|
)3
G2m8c3
~5
. (A13)
They can also be written as
Ma =
(
rS
2|as|
)1/2
M2P
m
=
√
32pi
f
MP c2
M2P
m
=
(
8pi
|λ|
)1/2
MP , (A14)
Ra =
(
2|as|
rS
)1/2
λC =
1√
32pi
MP c
2
f
λC
=
( |λ|
8pi
)1/2
MP
m
λC , (A15)
ρa =
(
rS
2|as|
)2
M2P
mλ3C
= 1024pi2
(
f
MP c2
)4
M2P
mλ3C
=
(
8pi
|λ|
)2(
m
MP
)4
M2P
mλ3C
=
(
8pi
|λ|
)2
m3
M2Pλ
3
C
,
(A16)
ta =
2|as|
rS
λC
c
=
1
32pi
(
MP c
2
f
)2
λC
c
=
|λ|
8pi
(
MP
m
)2
λC
c
, (A17)
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Ea =
(
rS
2|as|
)3/2
M2P c
2
m
= (32pi)3/2
(
f
MP c2
)3
M2P c
2
m
=
(
8pi
|λ|
)3/2(
m
MP
)3
M2P c
2
m
=
(
8pi
|λ|
)3/2
m2c2
MP
,
(A18)
Ea
Na
=
rS
2|as|mc
2 = 32pi
(
f
MP c2
)2
mc2
=
8pi
|λ|
(
m
MP
)3
MP c
2 =
8pi
|λ|
m3c2
M2P
,
(A19)
Pa =
(
rS
2|as|
)3
M2P c
2
mλ3C
= (32pi)3
(
f
MP c2
)6
M2P c
2
mλ3C
=
(
8pi
|λ|
)3(
m
MP
)6
M2P c
2
mλ3C
=
(
8pi
|λ|
)3
m5c2
M4Pλ
3
C
.
(A20)
These scales appear in our works [34, 35, 73] on
self-gravitating BECs with attractive or repulsive self-
interactions. For a repulsive self-interaction (as > 0),
they determine the transition between the noninteracting
limit and the TF limit. For an attractive self-interaction
(as < 0), Ma is of the order of the maximum mass of
a self-gravitating BEC and Ra is of the order of the
corresponding radius. The mass-radius relation M(R)
(parametrized by the central density ρ0) of nonrelativis-
tic self-gravitating BECs with a repulsive self-interaction
is represented in Fig. 4 of [35]. In the noninteracting
limit, the mass-radius relation is given by Eq. (51). In
the TF limit, the radius of the system is independent of
its mass and given by Eq. (53). At the transition, com-
bining Eqs. (51) and (53), we obtain the scalings of Eq.
(A1). The mass-radius relation M(R) (parametrized by
the central density ρ0) of nonrelativistic self-gravitating
BECs with an attractive self-interaction is represented
in Fig. 6 of [35]. In the noninteracting limit, the mass-
radius relation is given by Eq. (51). In the nongravi-
tational limit, the mass-radius relation is given by Eq.
(52).34 At the transition, combining Eqs. (51) and (52),
we obtain the scalings of Eqs. (A1). They determine
the maximum mass of Newtonian self-attracting boson
stars above which there is no equilibrium state. By
numerically solving the GPP equations, or the equiva-
lent hydrodynamic equations, one gets the exact values
Mmax = 1.012Ma, Rmin = 5.5λa and (ρ0)max = 0.5ρa
[35].
34 We recall that these configurations are unstable.
2. The scales associated with self-attractive and
self-repulsive nongravitational BECs
We introduce the mass and length scales associated
with nongravitational BECs with an attractive |ψ|4 self-
interaction (as < 0) and a repulsive |ψ|6 self-interaction:
Mi =
~
|as|c , Ri =
~
mc
. (A21)
We note that Ri coincides with the Compton wavelength
λC of the bosons. To our knowledge, these scales have
not been introduced previously. In the context of our pa-
per, they characterize the minimum mass Mdensemin,N and the
corresponding radius Rdense∗,N of dense axion stars, as well
as their minimum radius Rdensemin,N and the corresponding
mass Mdense∗,N . We also introduce the density scale
ρi =
Mi
R3i
=
m3c2
|as|~2 . (A22)
It characterizes the constant density ρdense of nongravi-
tational dense axion stars in the TF limit. These scales
can be expressed in terms of f and λ as
Mi =
32pif2
mc4
=
8pim
|λ| , (A23)
ρi =
32pim2f2
~3c
=
8pim4c3
|λ|~3 . (A24)
They can also be written as
Mi =
rS
2|as|
M2P
m
= 32pi
(
f
MP c2
)2
M2P
m
=
8pi
|λ|
(
m
MP
)2
M2P
m
=
8pim
|λ| , (A25)
Ri = λC , (A26)
ρi =
rS
2|as|
M2P
mλ3C
= 32pi
(
f
MP c2
)2
M2P
mλ3C
=
8pi
|λ|
(
m
MP
)2
M2P
mλ3C
=
8pi
|λ|
m
λ3C
. (A27)
3. The scales associated with dense axion stars
resulting from a collapse at Mdilutemax,N
We introduce the mass and length scales associated
with dense axion stars resulting from the collapse of di-
lute axion stars at the critical point:
Md =
~√
Gm|as|
, Rd =
( |as|~6
Gm7c4
)1/6
. (A28)
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They characterize Mdilutemax,N and Rcoll. We also introduce
the density scale
ρd =
Md
R3d
=
m3c2
|as|~2 . (A29)
We note that
Md = Ma, ρd = ρi. (A30)
These scales can be expressed in terms of f and λ as in
Eqs. (A7), (A24) and
Rd =
(
~7
32piGf2m6c
)1/6
=
( |λ|~7
8piGm8c5
)1/6
. (A31)
They can also be written as in Eqs. (A14), (A27) and
Rd =
(
2|as|
rS
)1/6
λC =
1
(32pi)1/6
(
MP c
2
f
)1/3
λC
=
( |λ|
8pi
)1/6(
MP
m
)1/3
λC . (A32)
4. The scales associated with dilute axion stars
resulting from an explosion at Mdensemin,N
We introduce the mass and length scales associated
with dilute axion stars resulting from the explosion of
dense axion stars at the critical point:
Me =
~
|as|c , Re =
|as|~c
Gm2
. (A33)
They characterize Mdensemin,N and Rexp. We also introduce
the density scale
ρe =
Me
R3e
=
G3m6
|as|4~2c4 . (A34)
We note that
Me = Mi. (A35)
These scales can be expressed in terms of f and λ as in
Eq. (A23) and
Re =
~2c4
32pif2Gm
=
|λ|~2
8piGm3
, (A36)
ρe =
(32pif2)4G3m2
~6c16
=
(8pi)4G3m10
λ4~6
. (A37)
They can also be written as in Eq. (A25) and
Re =
2|as|
rS
λC =
1
32pi
(
MP c
2
f
)2
λC
=
|λ|
8pi
(
MP
m
)2
λC , (A38)
ρe =
(
rS
2|as|
)4
M2P
mλ3C
= (32pi)4
(
f
MP c2
)8
M2P
mλ3C
=
(
8pi
|λ|
)4(
m
MP
)8
M2P
mλ3C
=
(
8pi
|λ|
)4
m7
M6Pλ
3
C
.
(A39)
5. The scales associated with noninteracting
relativistic self-gravitating BECs
We introduce the mass and length scales associated
with noninteracting relativistic self-gravitating BECs:
Mc =
~c
Gm
, Rc =
~
mc
. (A40)
They are connected to each other by the relativistic scal-
ing Mc = c
2Rc/G. We note that Rc coincides with the
Compton wavelength λC of the bosons. In the context of
our paper, these scales characterize the maximum mass
Mdilutemax,GR and the corresponding radius R
dilute
∗,GR of rela-
tivistic dilute axion stars. We also introduce the density
scale
ρc =
Mc
R3c
=
m2c4
G~2
. (A41)
These scales can be rewritten as
Mc =
M2P
m
, Rc = λC , ρc =
M2P
mλ3C
. (A42)
These scales appear in the works of Kaup [95] and
Ruffini and Bonazzola [96] on boson stars. Mc is of the
order of the maximum mass of a noninteracting relativis-
tic self-gravitating BEC and Rc is of the order of the
corresponding radius. The mass-radius relation M(R)
of noninteracting self-gravitating BECs in the context of
general relativity is represented in Fig. 3 of [164]. In the
nonrelativistic limit, the mass-radius relation is given by
Eq. (51). This relation is obtained by balancing the
repulsive quantum pressure against the attractive grav-
itational force (see Sec. II. G of [34]). The radius of
the system is of the order of the particle’s de Broglie
wavelength R ∼ ~/mv associated with the virial velocity
v ∼ (GM/R)1/2. The system becomes relativistic when
its radius R approaches the Schwarzschild radius RS .
Combining Eqs. (51) and (67) we obtain the scalings of
Eq. (A40) (see Appendix B of [34]). They determine the
maximum mass and minimum radius of noninteracting
boson stars beyond which there is no equilibrium state.
By numerically solving the KGE equations, one gets the
exact values Mmax = 0.633Mc and (R95)min = 6.03Rc
(leading to R95/RS = 4.76) [95, 96]. The mass-radius re-
lation forms a spiral but the configurations with a central
density 0 ≥ (0)max where (0)max is the density corre-
sponding to the configuration with the maximum mass
are unstable.
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6. The scales associated with self-attractive and
self-repulsive relativistic self-gravitating BECs
We introduce the mass and length scales associated
with relativistic self-gravitating BECs with an attractive
|ψ|4 self-interaction (as < 0) and a repulsive |ψ|6 self-
interaction:
Mr =
( |as|~2c4
G3m3
)1/2
, Rr =
( |as|~2
Gm3
)1/2
. (A43)
They are connected to each other by the relativistic scal-
ing Mr = c
2Rr/G. In the context of our paper, these
scales characterize the maximum mass Mdensemax,GR and the
corresponding radius Rdense∗,GR of general relativistic dense
axion stars as well as the mass M0 and the correspond-
ing radius R0 marking the transition between nongravi-
tational and nonattractive Newtonian dense axion stars.
We also introduce the density scale
ρr =
Mr
R3r
=
m3c2
|as|~2 . (A44)
We note that
Rr = Ra, ρr = ρi (A45)
These scales can be expressed in terms of f and λ as in
Eqs. (A8), (A24) and
Mr =
(
~3c7
32pif2G3m2
)1/2
=
( |λ|~3c3
8piG3m4
)1/2
. (A46)
They can also be written as in Eqs. (A15), (A27) and
Mr =
(
2|as|
rS
)1/2
M2P
m
=
1√
32pi
MP c
2
f
M2P
m
=
( |λ|
8pi
)1/2
M3P
m2
. (A47)
To the best of our knowledge, these scales have not
been introduced previously. However, apart from the
presence of the absolute value, Rr and Mr have the
same expressions as the scales associated with relativistic
BECs with a purely repulsive |ψ|4 self-interaction (as >
0). These scales appear in the works of Colpi et al. [97]
and Tkachev [98] on boson stars and in the work of Cha-
vanis and Harko [99] on neutron stars with a superfluid
core (BEC stars). In that context, Mr is of the order of
the maximum mass of a relativistic self-gravitating BEC
in the TF limit andRr is of the order of the corresponding
radius. The mass-radius relation M(R) (parametrized
by the central density 0) of self-gravitating BECs with a
repulsive self-interaction in the context of general relativ-
ity is represented in Fig. 9 of [99]. In the nonrelativistic
limit, the radius of the system is independent of its mass
and given by Eq. (53). It is obtained by balancing the
repulsive pressure force coming from the self-interaction
against the attractive gravitational force (see Sec. II. G
of [34]). The system becomes relativistic when its ra-
dius R approaches the Schwarzschild radius RS . Com-
bining Eqs. (53) and (67), we obtain the scalings of Eq.
(A43) (see Appendix B of [34]). They determine the
maximum mass and the minimum radius of self-repulsive
boson stars beyond which there is no equilibrium state.
By numerically solving the KGE equations [97] or the
equivalent hydrodynamic equations [99], one gets the
exact values Mmax = 0.307Mr, Rmin = 1.92Rr and
(0)max = 1.19ρrc
2 (leading to R/RS = 3.13). Chava-
nis and Harko [99] have argued that, because of their su-
perfluid core, neutron stars could actually be BEC stars.
Indeed, the neutrons could form Cooper pairs and be-
have as bosons of mass 2mn (where mn = 0.940 GeV/c
2
is the mass of the neutron). By adjusting the value
of the self-interaction constant, the maximum mass of
these BEC stars could account for the abnormal mass
(in the range 2 − 2.4M) of certain neutron stars [165–
170] that is much larger than the Oppenheimer-Volkoff
limit MOV = 0.384M
3
P /m
2 = 0.709M based on the as-
sumption that neutron stars are ideal fermion stars [120].
Appendix B: On the collapse time of axion stars
When the self-interaction is purely attractive, the col-
lapse time tcoll(M,R0) of a dilute axion star with mass
M > Mmax and initial radius R0 towards a singular state
of vanishing radius (R = 0) has been studied in detail
in our previous paper [73] within the Gaussian ansatz.
Eby et al. [108] used our formalism to study the col-
lapse time of a dilute axion star towards a dense axion
star, taking into account the fact that the dense axion
star has a nonzero radius R > 0. We show below that
this refinement is not necessary. Since the radius of a
dense axion star is extremely small, the same result for
tcoll(M,R0) is obtained by taking R = 0 as in [73] in-
stead of R = 0+ as in [108]. The results obtained in
[73] are also relevant if, instead of forming a dense axion
star, the collapse of a dilute axion star is followed by an
explosion and an emission of relativistic axions as in the
simulations of Levkov et al. [110]. For a purely attrac-
tive self-interaction, tcoll(M,R0) represents the moment
at which the self-similar collapse leads to a finite time sin-
gularity. When collisions between axions are taken into
account, it gives a good estimate of the time at which
the explosion takes place. Again, the value of tcoll is not
expected to be very sensitive on the exact value of Re at
which the explosion takes place as long as Re  R0.
Within the Gaussian ansatz, the equation of motion of
a self-gravitating BEC with mass M and initial radius
R0 is given by [73]:∫ R(t)
R0
dR√
Etot − V (R)
= ±
(
2
M
)1/2
t, (B1)
where the sign + corresponds to an explosion/expansion
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and the sign − to a collapse/contraction. In the follow-
ing, we assume δ < δc and M > Mmax(δ) so that a
collapse takes place. If the BEC starts from R0 with-
out initial velocity (R˙0 = 0), its total energy is given by
Etot = V (R0). In the case where the collapse is stopped
by the self-repulsion of the bosons, the collapse time is
given by
tcoll =
(
M
2
)1/2 ∫ R0
R
dR′√
V (R0)− V (R′)
, (B2)
where R is the radius of the resulting dense axion star
with mass M . It is given by Eq. (101), which can be
rewritten in the more convenient form
δ =
R3(1 +R2)M − 2R4
6M2
. (B3)
For δ  1, we have in good approximation
R ∼ (6Mδ)1/3. (B4)
For given M and R0, we can plot tcoll(δ) by proceeding as
follows (for simplicity, we do not explicitly write M and
R0 in the function tcoll(M,R0, δ)). Instead of prescribing
δ, we prescribe R and calculate δ(R) from Eq. (B3). We
can then determine tcoll(R) from Eq. (B2). By running
R between 0 and 1, we can obtain tcoll(δ) in parametric
form, with parameter R. The result of this calculation is
reported in Fig. 38 for M = 2 and R0 = 1.
This “exact” result can be compared with the “approx-
imate” expression of tcoll obtained in [73] which amounts
to taking δ = R = 0 in Eq. (B2). For M = 2 and
R0 = 1, we have found that tcoll = 0.676301... [73]. As
expected, this “approximate” result provides an excel-
lent approximation of the “exact” result for the values of
δ corresponding to QCD axions and ULAs.
For QCD axions with δ = 8.88 × 10−16, we obtain
R = 2.20×10−5 and tcoll = 0.676 (in terms of dimensional
variables, this corresponds to Rmin = 1.57 m and tcoll =
2.30 hrs).
For ULAs with δ = 1.02× 10−8, we obtain R = 4.96×
10−3 and tcoll = 0.676 (in terms of dimensional variables,
this corresponds to R = 1.55 pc and tcoll = 10.5 Myrs).
Appendix C: Dirac peaks and black holes
1. Absence of global minimum of energy in the
case of a purely attractive self-interaction
Let us consider a self-gravitating BEC with a purely
attractive |ψ|4 self-interaction as in [73]. The energy
functional Etot[ρ] is given by Eq. (D1), where V (ρ) is
given by the first term of Eq. (44). To show the absence
of a global energy minimum Etot at fixed mass M , it
is sufficient to construct a particular family of distribu-
tions ρ(~x), depending on a parameter , that conserve
the mass M , and for which the energy Etot[ρ] tends to
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FIG. 38: Collapse time of axion stars as a function of δ for
M = 2 and R0 = 1. We note that it presents a small max-
imum at δ = 6.16 × 10−4 before decreasing. The dashed
line corresponds to the result obtained in [73] by taking
δ = 0. It provides an excellent approximation of the col-
lapse time of QCD axions (δQCD = 8.88 × 10−16) and ULAs
(δULA = 1.02× 10−8).
−∞ when  → 0 (we use a strategy similar to the one
developed in Appendixes A and B of [124] in relation
to the thermodynamics of self-gravitating systems). In
the present context, it is convenient to take a Gaussian
density profile of size R =  [34, 73, 78]. We also take
u = 0 since we are interested in equilibrium states. In
that case, the total energy Etot = V (R) = V () is given
by Eq. (77) without the last term (corresponding to a
repulsive self-interaction). For R =  → 0, the total en-
ergy clearly goes to −∞ implying the absence of a global
minimum of energy for any mass M .
The previous argument proves the absence of a global
minimum of energy at fixed mass. However, it says noth-
ing about the possible existence of local energy minima
(metastable states). As we have seen, for M < Mmax,
there exists a local energy minimum corresponding to a
dilute axion star [34]. As discussed in Sec. IX C, this
metastable state can have a very long lifetime so it is
physically relevant. However, for M > Mmax there is
no equilibrium state at all and the system is expected to
collapse.35
The family of distributions contructed above forms a
Dirac peak ρ(~x) = Mδ(~x) when R =  → 0. This Dirac
peak has an infinitely negative energy (Etot → −∞).
Therefore, we expect that a self-gravitating BEC with
a purely attractive |ψ|4 self-interaction will ultimately
form a Dirac peak if M > Mmax. As discussed in the
Introduction, this Dirac peak may appear in the post-
collapse regime of the dynamics. Since a Dirac peak has
35 This assumes that the system remains compact. If not, a star of
mass M > Mmax can break into different pieces of mass M ′ <
Mmax and form a stable system [105].
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a finite mass and a vanishing radius, it may be regarded
as a form of “extreme” black hole. However, to make
things rigorous, and prove that a self-gravitating BEC
with a purely attractive self-interaction really collapses
into a black hole, one must take general relativity into
account and study the KGE equations.
2. The case of self-gravitating BECs with
attractive and repulsive self-interactions
We now consider a self-gravitating BEC with an at-
tractive |ψ|4 self-interaction and a repulsive |ψ|6 self-
interaction. In that case, we have seen that there exists
a global minimum of energy for any mass M . There also
exists a local minimum of energy for Mmin < M < Mmax
as described in Sec. IX. In the limit δ → 0, it seems
that the general mass-radius relation (103) reduces to
the mass-radius relation (105) of dilute axion stars, sug-
gesting that above Mmax the system forms a Dirac peak
according to the arguments given in Appendix C 1. How-
ever, when repulsive interactions are included, we have
shown that dense axion stars with Mmax < M < M0 are
not black holes, whatever the value of δ > 0. We note
furthermore that M0 → +∞ when δ → 0 implying that
this result is true for any mass M . How can we solve this
apparent paradox?
We must be careful that the limit δ → 0 is not equiv-
alent to δ = 0. Indeed, for δ → 0 the mass-radius
relation tends to the mass-radius relation of dilute ax-
ion stars only for sufficiently large radii. At very small
radii we recover the branch of dense axion stars that is
pushed towards the vertical axis R = 0 as δ → 0. To be
specific, let us consider a dense axion star with a mass
M ∈ [Mmax,M0] resulting from the collapse of a dilute
axion star. It is a global minimum of energy (fully sta-
ble state). For a fixed mass M and δ → 0 its radius
tends to zero as R ∼ (6δM)1/3 [see Eq. (142)] and its
energy tends to −∞ as Etot ∼ −M/(36δ) [see Eq. (148)].
Therefore, in the limit δ → 0, a dense axion star tends
towards a Dirac peak ρ(~x)→Mδ(~x). This is compatible
with the case δ = 0 considered in Appendix C 1. How-
ever, for δ > 0, the dense axion star is never a black hole,
whatever small δ may be (the reason is that, in dimen-
sionless variables, the Schwarzschild radius depends on
δ). Indeed, it would be a black hole if R ∼ RS . Since
R ∼ (6δM)1/3 [see Eq. (142)] and RS = 3.23Mδ [see
Eq. (197)], we find that R  RS for δ → 0 (assuming
M  M0 = 1/6δ). Therefore, the black hole criterion is
never satisfied for dense axion stars although they tend
to Dirac peaks as δ → 0. On the contrary, such struc-
tures are highly nonrelativistic. In conclusion, for δ → 0
the dense axion star tends towards a Dirac peak, but it
is never a black hole.
Another way to resolve this apparent paradox is to
notice that the limit δ → 0 corresponds to c → +∞
[see Eq. (92)], the other parameters being fixed. In this
limit, the Schwarzschild radius RS = 2GM/c
2 tends to
zero as 1/c2 while, according to Eq. (134), the radius of
the dense axion star tends to zero as 1/c2/3. Therefore,
R RS implying that the dense axion star is not a black
hole.
Remark: Things would be different if the coefficient of
the repulsive term in Eq. (45) involved a new parameter
χ, independent of the other parameters, measuring the
strength of the repulsive self-interaction. In that case,
when χ → 0, the radius of the star would tend to zero
(R → 0) and, at some point, R would be of the order of
RS implying that the star is a black hole. This situation
does not occur for axion stars because the coefficient of
the repulsive term in Eq. (45) depends on as, m, c and
~ so that it is completely constrained.
Appendix D: The Poincare´ theory of linear series of
equilibria
In this Appendix, we briefly explain how one can apply
the Poincare´ [143] theory of linear series of equilibria to
our problem in order to determine the stability of axion
stars.
In a static Universe (a = 1 and H = 0), the GPP
equations (9) and (10), or the equivalent quantum EP
equations (15)-(18), conserve the total energy
Etot =
∫
ρ
u2
2
dr+
1
m
∫
ρQdr+
∫
V (ρ) dr+
1
2
∫
ρΦ dr
(D1)
and the mass
M =
∫
ρ dr, (D2)
where we have expressed these functionals in terms of
the hydrodynamic variables ρ and u (see Ref. [78] for
details). As a result, a stable equilibrium state is a (local)
minimum of energy Etot at fixed mass M .
36 We therefore
have to consider the minimization problem
Etot(M) = min
ρ,u
{Etot[ρ,u] | M fixed} . (D3)
An equilibrium state, being a critical point of energy at
fixed mass, is determined by the variational principle
δEtot − µ
m
δM = 0, (D4)
where µ is a Lagrange multiplier that takes into account
the mass constraint. Using the results of [78], this vari-
ational problem gives u = 0 (the equilibrium state is
36 From general considerations, one can show that a global mini-
mum of energy at fixed mass is nonlinearly dynamically stable
[171]. However, we shall also be interested in local minima of
energy at fixed mass that are linearly dynamically stable. These
states are metastable but they have very long lifetimes (see Sec.
IX C) so they are fully relevant for our problem.
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static) and the eigenvalue equation
mΦ +mh(ρ) +Q = µ, (D5)
where we recall that Q = −(~2/2m)∆√ρ/√ρ and Φ(r) =
−G ∫ ρ(r′)|r− r′|−1 dr′. The density can be written for-
mally as
ρ = h−1
(
µ
m
− Q
m
− Φ
)
. (D6)
We note, however, that Eq. (D6) is an integrodifferential
equation. Taking the gradient of Eq. (D5), and using Eq.
(20), we obtain the condition of hydrostatic equilibrium
∇P + ρ∇Φ + ρ
m
∇Q = 0. (D7)
This returns the steady state of the quantum Euler equa-
tion (17). Equation (D5) is also equivalent to the time-
independent GP equation obtained by substituting into
Eq. (9) a wavefunction of the form ψ(r, t) = φ(r)e−iEt/~
and making the identification
µ = E. (D8)
This shows that the Lagrange multiplier (chemical poten-
tial) in the variational problem associated with Eq. (D3)
is equal to the eigenenergy E. Inversely, the eigenenergy
E may be interpreted as a chemical potential.
We call critical point (or equilibrium state) any solu-
tion of the variational principle (D4). The ensemble of
these critical points forms a series of equilibria. An equi-
librium state is determined by the differential equation
(D5). This equation is equivalent to the fundamental
equation of hydrostatic equilibrium obtained by coupling
Eq. (D7) to the Poisson equation (18). There can be
several equilibrium states with the same mass M because
the variational problem (D4) can have several solutions:
a global minimum of energy (fully stable state), a local
minimum of energy (metastable state), and a maximum
or saddle point of energy (unstable state). It is con-
venient to represent all these solutions on the series of
equilibria (see, e.g., Fig. 22) in order to see its global
structure and apply the Poincare´ theory (see below). On
the other hand, as already indicated, local minima of
energy (metastable states) can be as much physical, or
even more physical, than global minima of energy for the
timescales achieved in astrophysics (see Sec. IX C and
Refs. [148, 172] in the context of stellar systems).
Stable equilibrium states correspond to (local or
global) minima of energy at fixed mass. The stability of
an equilibrium state can be determined by studying the
sign of the second order variations of the energy func-
tional Etot whose general expression is given in Ref. [78].
An equilibrium state is stable if δ2Etot > 0 for all per-
turbations that conserve mass. In general, it is difficult
to study the sign of δ2Etot because we have to solve a
complicated eigenvalue equation. Fortunately, the sta-
bility of the system can be directly deduced from topo-
logical properties of continuous series of equilibia. This
graphical method just requires to solve the first order
variational problem (D4). This is the so-called Poincare´
theory of linear series of equilibria. It works as fol-
lows. According to Eqs. (D4) and (D8), the eigenenergy
E/m = ∂Etot/∂M is the variable conjugate to the mass
M (constraint) with respect to the total energy Etot (po-
tential to minimize). Therefore, if we plot E as a function
of M along the series of equilibria, we have the following
results:
(i) A change of stability can occur only at a turning
point of mass.
(ii) One mode of stability is lost is the curve E(M)
turns clockwise and one mode of stability is gained if the
curve E(M) rotates anti-clockwise.
Therefore, if we know a limit in which the configuration
is stable, we can use the Poincare´ theory to deduce the
stability of the whole series of equilibria.
This theory does not tell us if an equilibrium state
is fully stable (global minimum of Etot at fixed M) or
metastable (local minimum of Etot at fixed M). To set-
tle this issue we can plot Etot(M) along the series of
equilibria and compare the total energy of the different
equilibrium states for the same mass M . Alternatively,
we can perform a Maxwell construction (see Fig. 22) as
explained in Appendix J.
A general property can be noted. According to Eq.
(D4), the total energy Etot and the mass M reach their
extrema along the series of equilibria at the same points
since
δM = 0⇔ δEtot = 0. (D9)
This implies that the curve Etot(M) presents cusps at
these extrema. This is illustrated in Fig. 12.
The Poincare´ theory of linear series of equilibria is very
general. For example, it was applied by Lynden-Bell and
Woods [173] and Katz [174] in relation to the thermody-
namics of classical self-gravitating systems and by Chava-
nis [148] in relation to the thermodynamics of fermionic
self-gravitating systems. In that context, the role of Etot
is played by the entropy S in the microcanonical ensem-
ble (MCE) and by the free energy F in the canonical
ensemble (CE); the role of M is played by the energy E
and the mass M in MCE and by the mass M in CE; the
role of µ/m = E/m is played by the inverse temperature
β and the chemical potential µ/m in MCE and by the
chemical potential µ/m in CE. An interesting feature of
the statistical mechanics of self-gravitating systems is the
notion of ensembles inequivalence [153] leading to various
types of phase transitions [148]. The Poincare´ theory of
linear series of equilibria was also applied to dilute axion
stars in [34, 35, 73] and to general relativistic white dwarf
stars and neutron stars. In the present paper, it has been
applied to dense axion stars.
Remark: An alternative to the Poincare´ theory of lin-
ear series of equilibria is the M(R) theorem devised by
Wheeler in the physics of compact objects [144]. To apply
it, one plots the mass-radius relation M(R) parametrized
by the central density ρ0. We know from classical theory
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that the configurations of very low central density are
stable. As we move along the series of equilibria M(R)
in the direction of increasing central density all configu-
rations remain stable until the first extremal value (max-
imum or minimum) of M is reached. At the first ex-
tremal point the fundamental mode of radial oscillation
becomes unstable. All configurations between the first
extremal point and the second have one unstable radial
mode. At the second extremal point (and also at each
succeeding extremal point) one more mode of radial oscil-
lation changes stability. The direction of stability change
is determined by the way in which the M(R)-curve bends
as it passes through the extremal point. If the direction
of bend is counterclockwise, then one previously stable
radial mode becomes unstable at the turning point; if
the direction bend is clockwise, then one previously un-
stable mode becomes stable at the turning point. This
method is illustrated in Fig. 7 of [144], in Figs. 2 and
3 of [149], in Fig. 11.2 of [150] and in Fig. 6.3 of [151].
We note that the M(R) theorem of Wheeler is less gen-
eral than the Poincare´ theory. For example, it cannot be
directly applied in the context of the thermodynamics of
self-gravitating systems [148, 173, 174].
Appendix E: Nongravitational dense axion stars in
the TF limit
We have seen that dense axion stars are described by
a mixed polytropic equation of state (45) involving an
attractive self-interaction (first term with as < 0) and a
repulsive self-interaction (second term). More generally,
let us consider a system described by a mixed polytropic
equation of state of the form
P (ρ) = K1ρ
γ1 +K2ρ
γ2 , (E1)
where the first term is attractive (K1 < 0) and the second
term is repulsive (K2 > 0).
37 We consider the situation
in which the quantum potential and the self-gravity are
negligible (TF + nongravitational limit). For the equa-
tion of state (45), this corresponds to the branch (III-a)
of the mass-radius relation of dense axion stars.
1. Constant density
In the TF + nongravitational limit, the equilibrium
state of the system results from the balance between
the attractive self-interaction and the repulsive self-
interaction. This is a situation where the system is spa-
tially homogeneous and the total pressure is equal to zero
(P = 0):
− |K1|ργ1 +K2ργ2 = 0. (E2)
37 We assume that γ1 > 0 and γ2 > 0.
The resulting density is
ρ =
( |K1|
K2
)1/(γ2−γ1)
. (E3)
Specializing on the equation of state (45), we find that
the axion star has a constant density
ρdense =
9m3c2
32pi|as|~2 = 8.95× 10
−2ρi. (E4)
For QCD axions withm = 10−4 eV/c2 and as = −5.8×
10−53 m, we obtain ρdense = 7.07× 1019 g/m3.
For ULAs with m = 2.19 × 10−22 eV/c2 and as =
−1.11× 10−62 fm, we obtain ρdense = 3.88× 10−9 g/m3.
Remark: we note that ρdense given by Eq. (E4) cor-
responds to the density scale appearing in the poten-
tial of Eq. (39). As a result, we directly recover the
fact that the dilute limit corresponds to ρ  ρdense.
The scaling of Eq. (E4) can also be obtained from
the KG equation (2) by equating the rest-mass term
(m2c2/~2)ϕ2 and the self-interaction term (m2c3/f2~)ϕ4
[see Eq. (30)], or by equating the self-interaction terms
(m2c3/f2~)ϕ4 and (m2c4/f4)ϕ6. In the dilute limit, one
has (m2c2/~2)ϕ2  (m2c3/f2~)ϕ4  (m2c4/f4)ϕ6. Fi-
nally, we note that ρdense depends only on |as|/m3 which
is fixed for QCD axions (see the Remark at the end of
Sec. IV D 1).
2. Mass-radius relation
Since the density is uniform, the mass-radius relation
is
M =
3m3c2
8~2|as|R
3. (E5)
For QCD axions, we obtain
R
R
= 2.72× 10−5
(
M
M
)1/3
. (E6)
This relation can be compared with the exact expres-
sion R/R = 2.1× 10−5(M/M)0.305 found numerically
by Braaten et al. [103]. The exponent 0.305 instead
of 1/3 takes into account the fact that the density is
not exactly constant on the branch (III-a), implying that
self-gravity plays a certain role on this branch. Indeed,
the pressure cannot be exactly zero otherwise the dense
axion star would collapse under its own gravity. There-
fore, the star must be (slightly) inhomogeneous so that
the pressure gradient arising from the self-interaction can
equilibrate the self-gravity. Its exact structure can be ob-
tained by solving the generalized Lane-Emden equation
of Appendix H. However, gravitational effects are sub-
dominant on the branch (III-a) so we expect that even
if the density profile of the dense axion stars is not uni-
form, their central (or average) density should be almost
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independent of the mass and approximately given by Eq.
(E4). On the other hand, the different value of the pref-
actor comes in part from the different axionic potential
considered. Braaten et al. [103] use the effective poten-
tial (33) while we use the polynomial potential (37). The
value of the density at which the pressure P given by
Eq. (40) vanishes is ρ = 0.3025m3c2/|as|~2 instead of
ρ = 8.95 × 10−2m3c2/|as|~2 corresponding to the van-
ishing of the pressure P given by Eq. (45). Assuming
that the density is uniform (with the warning made pre-
viously), we obtain a mass-radius relation of the form of
Eq. (E6) with a prefactor 1.81 × 10−5 which is closer
to the value found by Braaten et al. [103], showing that
the exact form of the potential has some importance.
Another consequence of using the polynomial potential
(37) instead of the effective potential (33) is that we find
solutions for any mass M in the Newtonian approxima-
tion while Braaten et al. [103] find solutions only for
M < 1.9M. This is because, with the effective po-
tential (33), new (secondary) branches appear at high
densities as explained in Sec. III B. There are no such
branches in our simplified model based on the polyno-
mial potential (37). It is easy to show from simple scal-
ing arguments that the maximum mass found in [103]
scales as A(|as|~2c4/G3m3)1/2. Using their numerical
value 1.9M obtained for QCD axions, we obtain the
general value of the prefactor: A = 0.0679. It is about
one order of magnitude smaller than the prefactor of
M0 and M
dense
max,GR found in our approach. This means
that for certain potentials, such as the one considered by
Braaten et al. [103], the fundamental Newtonian branch
of dense axion stars may end before general relativistic
effects come into play.
3. Energy
In the TF + nongravitational limit, the virial theo-
rem, the total energy and the eigenenergy of a system
described by the equation of state (E1) are [see Eqs.
(169)-(171) of [78]]:
3(γ1 − 1)U1 + 3(γ2 − 1)U2 = 0, (E7)
Etot = U1 + U2, (E8)
NE = γ1U1 + γ2U2, (E9)
where U = [K/(γ − 1)] ∫ ργ dr is the internal energy of a
polytrope of index γ. From these equations we obtain
Etot = NE. (E10)
Since this relation has been derived without having to
evaluate the functionals explicitly, the same exact rela-
tion can be obtained from the Gaussian ansatz (see Sec.
VII B) since the formulae obtained with the Gaussian
ansatz are consistent with Eqs. (E7)-(E9) [78].
If we now evaluate the functionals for a spatially homo-
geneous system (see Sec. E 1), using U = [K/(γ−1)]ργV
where V = (4/3)piR3 is the volume of the system, we first
note that the virial theorem (E7) returns Eq. (E2). On
the other hand, Eqs. (E8) and (E9) become
Etot =
(
K1
γ1 − 1ρ
γ1 +
K2
γ2 − 1ρ
γ2
)
V, (E11)
NE =
(
γ1K1
γ1 − 1ρ
γ1 +
γ2K2
γ2 − 1ρ
γ2
)
V. (E12)
Using Eq. (E2), we obtain
Etot = NE = − γ2 − γ1
(γ1 − 1)(γ2 − 1) |K1|ρ
γ1V, (E13)
where ρ is given by Eq. (E3). Specializing on the equa-
tion of state (45), and using Eqs. (E4) and (E5), we
get
Etot = NE = − 27m
3c4
256~2|as|R
3 = − 9
32
Mc2. (E14)
4. Pulsation
The pulsation of a nongravitational dense axion star
in the TF limit can be obtained as follows. If we neglect
the self-gravity and the quantum potential, the hydrody-
namic equations (15) and (17) reduce to
∂ρ
∂t
+ ~∇ · (ρ~v) = 0, (E15)
∂~v
∂t
+ (~v · ~∇)~v = −1
ρ
~∇P. (E16)
Linearizing these equations about an homogeneous
sphere of density ρ given by Eq. (E4) and writing
the time evolution of the perturbation under the form
δρ ∼ e−iωt, we obtain the eigenvalue equation
∆δρ+
ω2
c2s
δρ = 0, (E17)
where c2s = P
′(ρ) is the square of the speed of sound.
For radial perturbations, the solution of Eq. (E17) that
is regular at the origin is
δρ = A
sin
(
ω
cs
r
)
r
. (E18)
The boundary condition δρ = 0 at r = R implies
ω = pi
cs
R
. (E19)
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From the equation of state (45), we find that
cs =
3
4
c. (E20)
Therefore, the pulsation of the axion star is
ω =
3pic
4R
. (E21)
The pulsation period 2pi/ω is of the order of the time
taken by a photon to cross the axion star.
Remark: For a dense axion star of radius R ∼ Rmin
[see Eq. (115)], we find that ω ∼ mc2/~, corresponding
to the proper pulsation ωproper = mc
2/~ of the axion.
More generally, we can write ω/ωproper = Rmin/R so the
pulsation of the axion stars is smaller than the proper
pulsation of the axion.
5. The dense axion star resulting from the collapse
of a dilute axion star at the critical point
The dense axion star resulting from the collapse of a
dilute axion star with mass Mdilutemax,N has a radius
Rcoll = 1.39
( |as|~6
Gm7c4
)1/6
= 1.39Rd, (E22)
a pulsation38
ωcoll = 1.70
(
Gm7c10
|as|~6
)1/6
, (E23)
and an energy39
Ecolltot = −
9
32
Mmaxc
2 = −0.285 ~c
2√
Gm|as|
. (E24)
For QCD axions with m = 10−4 eV/c2 and as =
−5.8 × 10−53 m, we obtain Mdilutemax,N = 6.46 × 10−14M,
Rcoll = 75.6 cm, ρcoll = 7.07 × 1019 g/m3, 2pi/ωcoll =
38 We note that the pulsation satisfies the relation ωcoll/ωproper =
1.99 δ1/6. Since the exponent 1/6 is small, ωcoll is relatively close
to ωproper. This may question the validity of the fast oscillation
approximation made in Sec. II B.
39 It is interesting to note that the energy |Ecolltot | of the dense axion
star that results from gravitational collapse is of the order of the
rest-mass energy Mmaxc2 of the dilute axion star that collapses.
This is rather coincidental since we are using purely Newtonian
gravity in conformity with the fact that R  RS so there is no
rest-mass energy in our problem. We obtain this result because
we have kept relativistic contributions in the self-interaction po-
tential (see footnote 9). Indeed, the speed of light occurs in the
repulsive self-interaction term. In this connection, we note that
Tkachev [130] argues that the energy of FRBs is of the order of
Mmaxc2 [see his Eq. (3)]. This is consistent with our results if
we assume that |Ecolltot | corresponds to the energy released during
the collapse - possibly in the form of radiation (see Sec. VIII D).
6.70× 10−9 s, and Ecolltot = −3.25× 1040 erg (for compari-
son 2pi/ωproper = 4.13× 10−11 s).
For ULAs with m = 2.19 × 10−22 eV/c2 and as =
−1.11 × 10−62 fm, we obtain Mdilutemax,N = 108M,
Rcoll = 0.745 pc, ρcoll = 3.88 × 10−9 g/m3, 2pi/ωcoll =
6.47 yrs, and Ecolltot = −5.03 × 1051 erg (for comparison
2pi/ωproper = 0.599 yrs).
Remark: These results can be compared with the min-
imum period of white dwarfs and neutron stars (see the
Remark at the end of Appendix I). We stress that the
pulsation period of dense axion stars resulting from the
collapse of a dilute axion star with the maximum mass
is very small. We also note that the density of dense
QCD axion stars is comparable to the maximum density
of neutron stars, but their mass and radius are smaller.
6. The dense axion star resulting from the collapse
of an axion minicluster
As recalled in the Introduction, QCD axion stars are
expected to result from the gravitational collapse of ax-
ion miniclusters (axitons) [98, 100]. However, the mass
of axitons Maxiton ∼ 10−12M is larger than the max-
imum mass M exactmax = 6.46 × 10−14M of dilute axion
stars [34]. Therefore, when axion miniclusters gravita-
tionally collapse, they can either (i) form a dilute ax-
ion star of mass M < Mmax by sheding mass, (ii) frag-
ment into several axion drops with mass M ′ < Mmax
(this is possible because the size of axion miniclusters,
Raxiton ∼ 106 km, is significantly larger than the size
(R∗99)
exact = 227 km of dilute axion stars), or (iii) di-
rectly form a dense axion star of mass Maxiton. Let us
consider this third possibility. For QCD axions with m =
10−4 eV/c2 and as = −5.8×10−53 m, using the foregoing
results and assuming Mcoll = Maxiton = 10
−12M, we
get Rcoll = 1.89 m, ρdense = 7.07× 1019 g/m3, 2pi/ωcoll =
1.68× 10−8 s, and Ecolltot = −5.03× 1041 ergs (in compar-
ison Raxiton ∼ 106 km and ρaxiton = 4.75 × 10−7 g/m3).
On the other hand, using the results of [73], we find that
a minicluster of mass Maxiton/M
exact
max = 15.5 and radius
Raxiton/(R
∗
99)
exact = 4405 collapses towards a dense ax-
ion star on a time tcoll = 82483tD = 32.0 yrs.
7. The maximum mass of general relativistic dense
axion stars
We have seen that nongravitational dense axion stars
in the TF limit, corresponding to the branch (III-a) of
the general mass-radius relation, have a constant density
given by Eq. (E4) and a vanishing pressure (P = 0).
When the mass M of the star approaches the value M0
(see Appendix G), self-gravity starts to become impor-
tant but we may still assume that the density approxi-
mately keeps its value given by Eq. (E4). On the other
hand, general relativity must be taken into account (see
Sec. X B). In that case, we have to deal with a uniform
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sphere of energy density  = ρc2 in general relativity. We
know that the radius of a uniform sphere of mass M is
restricted by the inequality40
R ≥ 9
8
2GM
c2
. (E25)
Combining Eqs. (E5) and (E25), we obtain the following
expressions for the general relativistic maximum mass
and corresponding radius of dense axion stars
Mdensemax,GR =
16
27
√
2
3
( |as|~2c4
G3m3
)1/2
= 0.484Mr, (E26)
Rdense∗,GR =
4
3
√
2
3
( |as|~2
Gm3
)1/2
= 1.09Rr. (E27)
If we use the qualitative argument of Sec. X, which
amounts to replacing Eq. (E25) by R > 2GM/c2, we get
Mdensemax,GR =
1√
3
( |as|~2c4
G3m3
)1/2
= 0.577Mr, (E28)
Rdense∗,GR =
2√
3
( |as|~2
Gm3
)1/2
= 1.15Rr. (E29)
For QCD axions withm = 10−4 eV/c2 and as = −5.8×
10−53 m, we obtain Mdensemax,GR = 13.5M and R
dense
∗,GR =
45.0 km (with the qualitative argument of Sec. X, we get
Mdensemax,GR = 16.1M and R
dense
∗,GR = 47.5 km).
For ULAs with m = 2.19 × 10−22 eV/c2 and as =
−1.11× 10−62 fm, we obtain Mdensemax,GR = 1.83× 1015M
and Rdense∗,GR = 197 pc (with the qualitative argument
of Sec. X, we get Mdensemax,GR = 2.18 × 1015M and
Rdense∗,GR = 208 pc).
Appendix F: Nonattractive dense axion stars in the
TF limit
We consider dense axion stars for which the quantum
potential and the attractive self-interaction can be ne-
glected (TF + nonattractive limit). This corresponds to
40 Uniform spheres exist for any R ≥ (9/8)RS and they are sta-
ble. Buchdahl [175] has shown that the lower limit to R set by
the inequality (E25) is absolute in the sense that it is satisfied
by any star, whatever its equation of state. However, such a
lower bound is usually not reached. The radius of a star is usu-
ally substantially larger than (9/8)RS . For example, the mini-
mum radius of ideal 42He white dwarfs satisfies Rmin = 247RS
(corresponding to M = 1.39M, Rmin = 1.02 × 103 km, and
ρ0 = 2.35×1016 g/m3) and the minimum radius of ideal neutron
stars satisfies R = 4.37RS (corresponding to M = 0.710M,
R = 9.16 km, and ρ0 = 3.54× 1021 g/m3).
the branch (III-b) of the mass-radius relation of Newto-
nian dense axion stars. We recall that only the begining
of this branch is valid (in the best case) because the value
M0 of the mass at which this branch appears is precisely
of the order of the maximum mass Mdensemax,GR set by gen-
eral relativity (see Sec. X B).
1. Polytrope n = 1/2
In the TF + nonattractive limit, the axion star is
equivalent to a barotropic star with an equation of state
P =
64pi2~4a2s
9m6c2
ρ3. (F1)
This is the equation of state of a polytrope with poly-
tropic constant K = 64pi2~4a2s/9m6c2 and polytropic in-
dex γ = 3 (i.e. n = 1/2).
2. Mass-radius relation
The general mass-radius relation of polytropic spheres
is [176]:
M (n−1)/nR(3−n)/n =
K(1 + n)
(4pi)1/nG
ω(n−1)/nn , (F2)
where ωn is a constant that can be obtained from the
Lane-Emden equation (some values of ωn are tabulated
in [176]). Specializing on the equation of state (F1), we
obtain
M =
3Gm6c2
2~4a2s
ω1/2R
5 = 0.0323
Gm6c2
~4a2s
R5, (F3)
where we have used ω1/2 = 0.02156....
3. Energy
In the TF limit, the virial theorem, the total energy
and the eigenenergy of a polytrope are [see Eqs. (169)-
(171) of [78]]:
3(γ − 1)U +W = 0, (F4)
Etot = U +W, (F5)
NE = γU + 2W. (F6)
From these equations we obtain
Etot =
(
1− n
3
)
W, (F7)
U = −n
3
W, (F8)
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NE =
1
3
(5− n)W. (F9)
Eliminating the gravitational energy W from these rela-
tions, we get
Etot =
3− n
5− nNE. (F10)
This relation shows that the total energy Etot is not equal
to N times the eigenenergy E, as one might naively ex-
pect. Specializing on the polytrope n = 1/2, we obtain
Etot =
5
9
NE. (F11)
Since this relation has been derived without having to
evaluate the functionals explicitly, the same exact rela-
tion can be obtained from the Gaussian ansatz (see Sec.
VII B) since the formulae obtained with the Gaussian
ansatz are consistent with Eqs. (F4)-(F6) [78].
In the TF limit, the gravitational energy of a polytropic
sphere of index n < 5 is given by the Betti-Ritter formula
[176]:
W = − 3
5− n
GM2
R
. (F12)
Substituting for W from Eq. (F12) into Eqs. (F7)-(F9),
we obtain
Etot = −3− n
5− n
GM2
R
, (F13)
U =
n
5− n
GM2
R
, (F14)
NE = −GM
2
R
. (F15)
For a polytrope of index n = 1/2, the first two equations
become
Etot = −5
9
GM2
R
, U =
1
9
GM2
R
. (F16)
On the other hand, we note that the third relation is
independent of the index of the polytrope. Actually, in
the TF limit, this relation is valid for an arbitrary equa-
tion of state provided that the enthalpy vanishes on the
boundary of the star. It can be directly obtained from
Eqs. (D5) and (D8) by applying this relation at r = R
and using h(R) = 0 and Φ(R) = −GM/R.
4. Pulsation
An approximate expression of the complex pulsation
of a polytrope is given by the Ledoux formula [177]:
ω2 = (4− 3γ)W
I
, (F17)
where I is the moment of inertia of the star. For
a polytrope n = 1/2, we have I = 0.489MR2 and
W = −(2/3)GM2/R, giving
ω2 = 6.82
GM
R3
. (F18)
Specializing on the equation of state (F1), the pulsation
is given by Eq. (F18), the mass and the radius being
related to each other by Eq. (F3).
Remark: It can be shown that polytropes of index
0 < n < 3 are dynamically stable while polytropes of
index 3 < n < 5 are dynamically unstable. In particular,
the polytrope n = 1/2 is stable. We note that stable
polytropes have a negative energy (Etot < 0) while un-
stable polytropes have a positive energy (Etot > 0).
5. The maximum mass of general relativistic dense
axion stars
An estimate of the maximum mass of general rela-
tivistic dense axion stars is obtained by combining the
Newtonian mass-radius relation (F3) with the constraint
R ≥ RS , where RS is the Schwarzschild radius defined
in Eq. (67).41 This gives a maximum general relativistic
mass
Mdensemax,GR =
1
2(3ω1/2)1/4
( |as|~2c4
G3m3
)1/2
= 0.991Mr
(F19)
and a corresponding radius
Rdense∗,GR =
1
(3ω1/2)1/4
( |as|~2
Gm3
)1/2
= 1.98Rr. (F20)
As expected, these values are of the same order of magni-
tude as those obtained in Appendix E 7. This is because
general relativistic effects set in precisely at the transi-
tion between nongravitational and nonattractive dense
axion stars (see Sec. X B).
For QCD axions withm = 10−4 eV/c2 and as = −5.8×
10−53 m, we obtain Mdensemax,GR = 27.7M and R
dense
∗,GR =
81.9 km.
For ULAs with m = 2.19 × 10−22 eV/c2 and as =
−1.11× 10−62 fm, we obtain Mdensemax,GR = 3.74× 1015M
and Rdense∗,GR = 358 pc.
41 We could also use the Buchdahl inequality R ≥ (9/8)RS [175]
but this refinement is not necessary since our procedure can only
give a rough estimate of the maximum mass anyway. A more
detailed calculation of the maximum mass of general relativistic
dense axion stars will be reported elsewhere.
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Appendix G: Transition between nongravitational
and nonattractive dense axion stars in the TF limit
We have seen that nongravitational dense axion stars
in the TF limit, corresponding to the branch (III-a), have
a constant density given by Eq. (E4) and a mass-radius
relation given by Eq. (E5). On the other hand, nonat-
tractive dense axion stars in the TF limit, corresponding
to the branch (III-b), are equivalent to polytropes of in-
dex n = 1/2 with a mass-radius relation given by Eq.
(F3). From these results, we find that the transition
between nongravitational and nonattractive dense axion
stars in the TF limit corresponds to
M0 =
3
64ω
3/2
1/2
( |as|~2c4
G3m3
)1/2
= 14.8Mr, (G1)
R0 =
1
2(ω1/2)1/2
( |as|~2
Gm3
)1/2
= 3.41Rr. (G2)
For QCD axions withm = 10−4 eV/c2 and as = −5.8×
10−53 m, we obtain M0 = 414M and R0 = 141 km.
For ULAs with m = 2.19 × 10−22 eV/c2 and as =
−1.11 × 10−62 fm, we obtain M0 = 5.60 × 1016M and
R0 = 615 pc.
Remark: We note that the value of M0 given by Eq.
(G1) is substantially larger than the value of Mdensemax,GR
given by Eqs. (E26) and (F19). This suggests that the
Newtonian branch (III-b) is not physically relevant, even
marginally. However, since our approach is qualitative,
we should remain cautious about this claim.
Appendix H: Generalized Lane-Emden equation
We have seen that dense axion stars are described by
an equation of state of the form of Eq. (46) which is
the sum of two polytropic equations of state of index
γ = 2 and γ = 3 and polytropic constants K2 < 0 and
K3 > 0. More generally, we consider a self-gravitating
system described by an equation of state of the form
P = Kργ +K∗ργ∗ , (H1)
which is the sum of two polytropic equations of state of
index γ = 1 + 1/n and γ∗ = 1 + 1/n∗ and polytropic
constants K and K∗. The fundamental differential equa-
tion of hydrostatic equilibrium for a spherically symmet-
ric barotropic self-gravitating system writes [176]:
1
r2
d
dr
(
r2
ρ
dP
dr
)
= −4piGρ. (H2)
Substituting Eq. (H1) into Eq. (H2), and rearranging
some terms, we obtain
1
r2
d
dr
(
r2
d
dr
[
K(n+ 1)
4piG
ρ
1
n +
K∗(n∗ + 1)
4piG
ρ
1
n∗
])
= −ρ.
(H3)
Defining θ and ξ through the relations
ρ = ρ0θ
n, ξ =
[
4piGρ
1−1/n
0
K(n+ 1)
]1/2
r, (H4)
where ρ0 is the central density, we can rewrite the fore-
going equation under the form
1
ξ2
d
dξ
[
ξ2
d
dξ
(θ + χθq)
]
= −θn, (H5)
where we have introduced the abbreviations
χ =
K∗(n∗ + 1)
K(n+ 1)
ρ
1/n∗−1/n
0 , q =
n
n∗
. (H6)
Equation (H5) must be solved with the boundary condi-
tions at the origin
θ(0) = 1, θ′(0) = 0. (H7)
The differential equation (H5) is a generalization of the
Lane-Emden equation for a spherically symmetric self-
gravitating system described by a polytropic equation
of state P = Kργ [176]. The traditional Lane-Emden
equation is recovered from Eq. (H5) by setting χ = 0.
The generalized Lane-Emden equation (H5) describes
dense axion stars with the equation of state (46) in the
TF limit (in that case γ = 2, K = K2 < 0, γ = 3,
and K∗ = K3 > 0). This corresponds to the configura-
tions forming the branch (III) of the general mass-radius
relation of axion stars. The nongravitational limit, cor-
responding to the branch (III-a), is described by the con-
stant density solution θ = 1 studied in Appendix E.42
The nonattractive limit, corresponding to the branch
(III-b), is described by the standard Lane-Emden equa-
tion associated with a polytrope of index n = 1/2.
Appendix I: The maximum pulsation of dilute axion
stars
Using the Gaussian ansatz, we have shown in Ref. [73]
that the pulsation of stable dilute axion stars with δ = 0
presents a maximum
ωmax =
√
8(
√
5− 1)1/2
(
√
5 + 3)1/2(1 +
√
5)
= 0.4246... (I1)
42 We note that a constant density profile is not an exact solution
of the generalized Lane-Emden equation (H5) as discussed after
Eq. (E6). However, we expect that on the the branch (III-a) the
typical (central or average) density is independent of the mass, as
for a uniform sphere, so the results of Appendix E should provide
correct orders of magnitude. A detailed study of Eq. (H5) will
be reported elsewhere.
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at
R =
(
1 +
√
5
2
)1/2
= 1.272... (I2)
M =
[8(1 +
√
5)]1/2
3 +
√
5
= 0.9717... (I3)
Coming back to dimensional variables, we get
ωmax = 0.425
ν
6piζ
(σ
α
)1/2 Gm2
|as|~ = 0.100ωa, (I4)
where ωa = 1/ta (see Appendix A 1).
For QCD axions with m = 10−4 eV/c2 and as =
−5.8×10−53 m, we obtain a minimum period 2pi/ωmax =
50.3 hrs (it corresponds to an axion star with R =
90.9 km, M = 6.72×10−14M, and ρ = 4.25×104 g/m3).
For ULAs with m = 2.19 × 10−22 eV/c2 and
as = −1.11 × 10−62 fm, we obtain a minimum period
2pi/ωmax = 229 Myrs (it corresponds to an axionic DM
halo with R = 0.398 kpc, M = 1.04 × 108M, and
ρ = 2.67× 10−17 g/m3).
Remark: These results can be compared with the min-
imum period Tmin = 2.13 s of ideal
4
2He white dwarfs
(corresponding to R = 1.47 × 103 km, M = 1.39M,
and ρ0 = 6.58 × 1015 g/m3) and with the minimum pe-
riod Tmin = 9.00 × 10−4 s of ideal neutron stars (cor-
responding to R = 11.5 km, M = 0.670M, and ρ0 =
1.48× 1021 g/m3).
Appendix J: Maxwell construction
In a first order phase transition, the point of transi-
tion where the two phases have the same probability can
be determined by the Maxwell construction. Applied to
our problem, the Maxwell construction tells us that the
transition mass Mt at which the two phases (dilute and
dense axion stars) have the same energy Etot is such that
the two hatched areas in Fig. 22 are equal. This result
can be proven as follows.
The equal area Maxwell condition A1 = A2 can be
expressed as ∫ E′′′
E′
(M −Mt)dE = 0, (J1)
where E′ is the eigenenergy of the dilute axion star and
E′′′ is the eigenenergy of the dense axion star at the tran-
sition mass Mt. We introduce the grand potential
G = Etot − E
m
M = Etot −NE (J2)
which is the Legendre transform of the energy Etot with
respect to the mass M , with conjugate parameter E/m.
From Eq. (D4), we get
δG = δEtot − E
m
δM − δE
m
M
=
E
m
δM − E
m
δM − δE
m
M
= −δE
m
M. (J3)
Using this relation, we can integrate Eq. (J1), thereby
obtaining
−m(G′′′ −G′)−Mt(E′′′ − E′) = 0. (J4)
Using Eq. (J2), this equation can be rewritten as
E′′′tot = E
′
tot. (J5)
This shows that the Maxwell construction is equivalent
to the equality of the total energy of the two phases at
the transition.
Appendix K: Asymptotic behavior of the transition
mass
In this Appendix, we determine the asymptotic behav-
ior of the transition mass Mt as δ → 0.
Let us first consider the dilute phase. For Mt → 0,
we can neglect the self-interaction terms in the energy
[last two terms in Eq. (91)]. We can also use the asymp-
totic mass-radius relation Mt ∼ 2/Rdilutet [see Eq. (106)].
Therefore, we get [35]:
(Etot)
dilute
t ∼ −
M3t
4
. (K1)
We note that (Etot)
dilute
t → 0 when δ → 0.
We now consider the condensed phase. For Mt → 0,
we can neglect the self-gravity in the energy [second term
in Eq. (91)]. Assuming the scalings Mt ∼ a
√
δ and
Rdenset ∼ b
√
δ when δ → 0, we obtain
(Etot)
dense
t ∼
(
a
b2
− a
2
3b3
+
a3
b6
)
1√
δ
. (K2)
At the transition point, the energy of the two phase
must be equal: (Etot)
dilute
t = (Etot)
dense
t . Comparing
Eqs. (K1) and (K2), we see that the term in brackets in
Eq. (K2) must necessarily vanish otherwise the total en-
ergy would tend to infinity, instead of zero, when δ → 0.
Therefore, a/b2−a2/3b3 +a3/b6 = 0. On the other hand,
substituting the scalings Mt ∼ a
√
δ and Rdenset ∼ b
√
δ
into the mass-radius relation (101) we obtain a second
equation a2/b4 − a/6b + 1/3 = 0. Solving these two
equations, we get a = 16
√
3 and b = 4
√
3 implying
Mt ∼ 16
√
3δ and Rdenset ∼ 4
√
3δ when δ → 0. Com-
paring these results with Eqs. (113), we conclude that
the transition point (Rt,Mt) asymptotically approaches
the point (R∗,M∗) corresponding to the minimum radius
when δ → 0.
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Appendix L: Weak and strong self-interaction limits
In this Appendix, we try to clarify the notion of weak
and strong self-interaction limits for axions.
1. |λ|  1
The strength of the self-interaction can be measured
by the dimensionless parameter λ. This parameter is
usually very small with respect to unity (|λ|  1) as
required by particle physics and quantum field theory,
meaning that axions are in a weak self-interaction regime.
For QCD axions, one has λQCD = −7.39 × 10−49 and
for typical ULAs, one has λULA = −3.10 × 10−91. The
condition |λ|  1 corresponds to (i) |as|  ~/mc =
λC , i.e., the scattering length of the axions is small as
compared to their Compton wavelength; (ii) f  mc2,
i.e., the axion decay constant is large as compared to
their rest mass energy. We shall say that the condition
|λ|  1 corresponds to the weak self-interaction limit
from the viewpoint of particle physics. We note that
gravity (G) does not enter into this criterion.
2. 1/δ  1
The study of this paper, focusing on self-gravitating
axion stars, shows that the strength of the self-interaction
can be measured by another dimensionless parameter
1/δ. This parameter is usually very large (1/δ  1),
meaning that axions are in a strong self-interaction
regime. For QCD axions, one has δ−1QCD = 1.13×1015 and
for typical ULAs, one has δ−1ULA = 9.80× 107. The condi-
tion 1/δ  1 corresponds to (i) |as|  2Gm/c2 = rS , i.e.,
the scattering length of the axions is large as compared
to their effective Schwarzschild radius; (ii) f  MP c2,
i.e., the axion decay constant is small as compared to
the Planck energy; (iii) |λ|  (m/MP )2. We note that
gravity (G) enters into this criterion. We shall say that
the condition 1/δ  1 corresponds to the strong self-
interaction limit from the viewpoint of gravity.
In the strongly self-interacting regime 1/δ  1, we
have shown that (i) axion stars can be treated with New-
tonian gravity (except for dense axion stars with a very
large mass M ∼ Mdensemax,GR); (ii) there is a critical mass
Mdilutemax,N marking the onset of a phase transition between
dilute and dense axion stars.
In the weakly self-interacting regime 1/δ  1, axion
stars are Newtonian when M  Mdilutemax,GR and general
relativistic when M ∼Mdilutemax,GR.
Remark: We have already introduced the parameter
1/δ (denoted σ) in [77] in a different, cosmological, con-
text. In this context, the conditions 1/δ  1 (weak self-
interaction) and 1/δ  1 (strong self-interaction) deter-
mine two different regimes in the evolution of a Universe
dominated by a self-interacting complex SF with a purely
quartic potential (see the phase diagrams of Figs. 8, 18
and 19 of [77]).
3. |λ|  (m/MP )2
We note that the two conditions |λ|  1 and 1/δ  1
are both satisfied for axions, i.e., the axions are weakly
self-interacting from the viewpoint of particle physics and
strongly self-interacting from the viewpoint of gravity. It
may seem strange that a particle with a coupling constant
as small as |λ|QCD = 7.39 × 10−49 or |λ|ULA = 3.10 ×
10−91 is considered to be strongly self-interacting (from
the viewpoint of gravity). The reason is that |λ| is small
with respect to 1 but large with respect to (m/MP )
2
which is itself extremely small: (m/MP )
2
QCD = 6.71 ×
10−65 and (m/MP )2ULA = 3.22 × 10−100. In this sense,
there is no paradox.
4. |λ|  (MP /Mground)2 ∼ 10−92
The previous criteria are relativistic in essence since
they depend on the speed of light. In this section, we
consider another criterion that does not depend on c.
Let us consider the most compact halo that we know
and let us assume that it corresponds to the ground
state (T = 0) of a self-gravitating BEC (see Ap-
pendix D of [77]). To be specific, we identify this
halo with Fornax which has a mass Mground ∼ 108M
and a radius Rground ∼ 1 kpc. As shown in [35],
the condition to be in the noninteracting regime is
that Mground  Ma = ~/
√
Gm|as| or, equivalently,
Mground MP /
√|λ|.43 This condition can be rewritten
as |λ|  (MP /Mground)2 ∼ 10−92. Therefore, in order
to be able to neglect the self-interaction of the bosons,
|λ| has to be small with respect to 1.20 × 10−92 (!), not
only small with respect to 1. This striking condition was
stressed in Appendix A.3 of [35]. In many case, one has
10−92  |λ|  1. This shows one more time that the
self-interaction of the bosons (either attractive or repul-
sive) is of considerable importance in gravitational prob-
lems (axion stars, axionic DM halos...) even if their self-
interaction parameter |λ| looks very small at first sight.
Remark: As mentioned above, one cannot ignore the
self-interaction of the axions when considering mini QCD
axion stars and ULA clusters that form in the nonlin-
ear regime of the cosmic evolution. Things are different,
however, when considering the formation of structures
43 For a repulsive self-interaction (as > 0), the noninteracting limit
corresponds to M  MTF ∼ ~/
√
Gmas and the TF limit cor-
responds to M  MTF ∼ ~/
√
Gmas. For an attractive self-
interaction (as < 0), the noninteracting limit corresponds to
M  Mmax ∼ ~/
√
Gm|as|; the halo becomes unstable when
M ∼Mmax ∼ ~/
√
Gm|as|.
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by Jeans instability in the linear regime of the cosmic
evolution as investigated in [80]. In that case, we find
that: (i) the attractive self-interaction of QCD axions
cannot be neglected in the ultrarelativistic era; (ii) the
self-interaction of QCD axions can be neglected in the
matter era (they behave as CDM); (ii) the self-interaction
of ULAs cannot be generally neglected in the matter era.
Appendix M: Condensation temperature
The GP equation is valid at T = 0, or for T  Tc,
where
Tc =
2pi~2ρ2/3
m5/3kBζ(3/2)2/3
(M1)
is the condensation temperature of the bosons (here
ζ(3/2) = 2.6124...). For self-gravitating BECs with at-
tractive self-interaction close to the critical point (M ∼
Mmax and R ∼ R∗), using Eqs. (47) and (48), we find
that the order of magnitude of the condensation temper-
ature is
kBTc ∼ m
(
~G
a2s
)2/3
. (M2)
It can be expressed in terms of f and λ as
kBTc ∼ m
(
Gf4
~m2c6
)2/3
∼ m
(
Gm2c2
λ2~
)2/3
. (M3)
It can also be written as
kBTc ∼
(
rs
2|as|
)4/3(
MP
m
)1/3
MP c
2
∼ (32pi)4/3
(
f
MP c2
)8/3(
MP
m
)1/3
MP c
2
∼
(
8pi
|λ|
)4/3(
m
MP
)8/3(
MP
m
)1/3
MP c
2. (M4)
For QCD axions withm = 10−4 eV/c2 and as = −5.8×
10−53 m, we find Tc ∼ 2.11 × 1023 K and kBTc ∼ 1.82 ×
1010 GeV.
For ULAs with m = 2.19 × 10−22 eV/c2 and as =
−1.11 × 10−62 fm, we find Tc ∼ 4.19 × 1038 K and
kBTc ∼ 3.61× 1025 GeV.
These values of the condensation temperature are con-
siderable. Whatever the physical origin of the temper-
ature T , it is clear that the condition T  Tc will be
fulfilled by many orders of magnitude. This implies that
excited (thermal) states are completely negligible for self-
gravitating BECs. Therefore, in excellent approximation,
bosonic DM can be considered to be at zero thermody-
namic temperature (T = 0) described by the GP equa-
tion. Still, DM halos may have an effective nonzero tem-
perature Teff 6= 0 responsible for their atmosphere as dis-
cussed in [78, 158, 178].
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